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The following special ootations will be usec throughout 


this paper with the meanines as Sefined below. 


Sther apecial 


notetions uged wilh bs cafinedc at thea place shere they are 


tu crediced. 


fe c{a) 


g < C'(R) 


rN (X,¥3 US DoG) 


\e (>t on 8 


i8 @ memter or; i. belomgs toe 

PW te the set of all ordered? pairs (x,y), 
(points) for which O< x < f and 
O<y¥y<f > 

fis a member of the class of Sinetions con~ 
timmous on the set B. 

& is a member of the class ef functions con- 

tinucualy differentiacle en the set H, 

(and similerly for hicher degrees of 


airferentialility.) 





_ were C 56 @ paramster along a pathe 

x velonga to the closed interval, 0<x<f. 

implies. 

implies end is implied by; 1.e. if and 
only ifs 

@ sequence of functions By alAs 1,2,°°*),; 
of arguments (x,¥} uz Ped) 

the sequence fet conve: fés pointwise on 


the get 72 to the function f. 
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CRAPIER I 
INTRODUCTION 


The purpose of this paper is to present a number of exist- 
ence theorems pertaining to a cleass of non-linear second order 
partial differential equations in two independent variables of 


the general form 


(1.1) F(X,ys Us DoQs r,8,t) = 0, 
woere 
(1.2) p = ws g = . ‘“e., s°* Wy and t = Say P 


in the usual notation. We restrict our attention to those pre- 
scriptions of initial conditions for which integral surfaces 
exist such that the equation is of hyperbolie type thereon, i.e. 
the inequality 


(1.5) a oe Pr. > 0 


mist be satisfied on the integral surface in a neighborhood of 
the initial data. 

E. PICARD (1],[7]*, B. GoOUNSAT [8], E.R.Levi(9], NeLEWY{10], 
J. BADAMARD(11), Me. CINQUINI-CIBRARIO[12),[13], and others have 





- The number in the bracket [ ] refers to the reference in the 


diblilography. 
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developed existence theorems based on the method of successive 
approximations. Their concern nas been to establish sufficient 
conditions for the existence of a unique solution. Retaining 
their restrictions on the initial data, we shall obtain sufficient 
conditionsfor the existence of at least one solution. The inte- 
grals of the equations we consider will not, in general, be unique. 

The coneept of characteristic curves in an integral surface 
plays an important role in all work in this field. We give two 
definitions of a characteristic curve, the first applicable when 
the curve is expressed in non-parametric form, the second when 


expressed in parametric form: 


Definition 1 
< < ) 
vet ® a <a where gcC't({e,b)), or Ys: edie As 
y = g(x) e<zy<a 


wnere heC'([{c,d]), %s a characteristic base curve (character- 
istic projection or, by usage, characteristic) for a particular 
integral surface J: u=u(x,y) of F(x,y3 us ppas r,8,t) = 0 <=> 


for each (x,y) 


(1.4) Fay” - F dydx + Pax” = 0 


Definition la 


YT? Peco for Cé[0,1]) and where x,yeC'({0,1)), is a 
y=y(t) 


characteristic base curve for & particular integral surface 

J; uzu(x,y) of F(x,ysg ug ppgs r,8,t) = 0 <> for each 7 é[0,1] 
1) ¥F. 9 = F.$k + PR 2 OO 

(1.5) r ~ - * . 
2) 82 + 9° Zo. 
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Under either definition Y ise rectifiable and possesses a 
continuously turning tangent (see C. JUNDAN[6), p.- 100). The 
two definitions are equivalent in the following sense: fe may 
eonvert VY expressed in non-parametric form into its parametric 
expression by setting x =7, y = g(7), or x #h(C), y= 2 as 
the case may be. That the converse is poseibdle follows directly 
from condition 2) of Definition la and the Implicit Function 
Theorem. Por, suppose at e point (x(7.), y(2.)) of V that x # 0. 


Then in a vicinity of x. = x(Z,) the inverse relation € = T (x) 


¢) 
exists ani we may write 


(1.6) TY ss y & y(C (x)) = g(x). 
Similarly, where $ # 0, we may write 
(1.7) Ts wx & x(T(y)) = bly). 


By condition 2), one of the two representations (1.6) or 
(1.7) is always possible in the vicinity of each point of Y . 


Definition 2 


x @ x(7T ) 
TV: \2 = y(t) for @ < (0,1) and where x,y,ucC'([{0,1)), 
u2#u(7Z ) 


@ space curve lying ina particular integral surface J: usu(x,y) 
of F(x,y; us p,qg r,3,t) = 0, is called a characteristic curve in 
the integral surface J <=> the projection of 2 onto the xy plane 


is a characteristic projection for the integral surface J. 
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Under suitable hypotheses, vy virtue of the hyperbolic condi- 
tion (1.5), for any intesral surface J: usu(x,y) of P(x, y3U3P,495» 
P,8,t) = 0, equations (1.4) or (1.5) determine two one parameter 
families of characteristic curves lying in the integral surface J. 
Exactly one characteristic curve from each fawily passes through 
any given point (Xy2TyoUlX,09,)) of the integral surface J; and, 
moreover, the corresponding two characteristic base curves do not 
have & common tangent at (X50¥g)+ 

Along any curve, characteristic or otherwise, lying in the 
integral surface J, the following strip, or band, conditions 


(1.8) 4 = pk + qf 
r = pi + sf 

(1.9) . : 
q 2 sx + ty 


mast be satisfied. . 
fhe modification of Definition 2 and conditions (1.8),(1.9) 


when the curve Z is expressed in non-parametric form is obvious. 


Definition 3 
y ( xBa(T ) 
8°: 4 yey( ct) for Te [0,1] end where x,y,u,p,q « C*([90,1)). 
azul ct ) 
p=p( Zz) 
q™qa( 7 ) 


is called a first order strip <=> for each Te [0,1] 


(1.8) i = p& + ay 


Suppoee a@ particular integral surface J: usu(x,y) of 
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F(xX,ys US Pe Qs 7,5,t) = O —T 7 contact of firat order with the 
, xx ( 7 
etrip s*, Then if \' ; y=y(t) for te{[0,1] ie a cheracter- 
usu( 7 ) 
istic curve in the integral surface J, the strip st ia called a 


characteristic first order strip for the integral surface J. 


j 
SS: yus( 7} for Zé [0,1] and where x,7,U,P,Q,0,8,t 


p=p({z ) e €'({0,1)) 


is called a second order strip <— for each T< [0,1) 


(1.8) i = p2 + qj 
\' = rk + s¥ 

(1.0) 
G 2 sk + t¥ 


If, moreover, equation (1.1) and conditions (1.3) end (1.5) 


are satisfied for each 7 < [0,1], then 8? 


is called a character- 
istic second order strip. 

Rote in Definition 4 that sinee all the arguments of the 
functions involved in conditions (1.5) are known upon preseription 
of the strip s*, we may determine whether or not the projection 


x=x( 7 ) 
of corresponding space curve |! ; yer? } for 7 « [0,1] is a 
u=u( TC 


characteristic projection without reference to any perticuler 


integral ceurface. 
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Definitions 3 and 4 can be readily modified to deal with the 
non-parametric case. See, for example, NM. CIN .UINI-CIBRARIO[13]. 

In Chapter 2 we consider the characteristic initial value 
problem for the equation 


(1.10) e= f(x,ys us p,q) 


and its extension to the system of equations 


(1.21) 8, = f(x.y5 Bye °° 8 Pye eProps Qyo°" sa) 
(i21,2,°°*¢,n). 


Re modify the customery hypothesis tnat ff be Lipschitzian, 
ie@. with respect to variadvles u, p and q, to require that f be 
partially Lipschitzian, 1.e@. with respect to variables p and q 
only. We obtain existence of an integral u over the sawe closed 
domain as that obtained in the ciassical theory. Our integral, 
however, cannot be snow: to be unique. This fact is deronstrated 
by an example. By further example, we show that the bounds ob- 
tained on the domain of existence are maximal bounds. 

in Chapter 3 we apply the metho.s of Chapter 2 to the Cauchy 
problems for equation (1.10) and the extension to the system (1.11). 
The conclusions are similar to tnose obtained in Chapter <, 

The arguments in Chapter 4 serve to establish the equivalence 
(as defined tierein) between the characteristic initial value and 
the Cauchy preblems for the system (1.11) and the corresponding 
problems for a particular system of first order partial differ- 


ential equations of the form 
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(1.012) 3 Aye yeX =o, (2 = 1s2,°°*ymc a) 
= ete Saad = C, (4 = m+l,m+2,°*°,n) 


ik 
(1.12) 1s termed e canonical hyperbolic system. 


where the A ,C. are functions of Be FeO, oho O° “ets The system 


Thia equivalence has already been estaclished by HW. CIN .UINI- 
CIBNARIO{12]. Under the restriction thet the first partial deriv- 
atives of the functions A. ,C 


ik 4 
their arguments, she obtains her theorems on the existence and 


be Lipschitalan with respect to all 


uniqueness of the system of functions Uy as the solution for the 
canonical hyperbolic system (1.12). We demonstrate that her rea-~ 
soning estadlisning the eaulvalence does not depend upon the 
uniquenees of the solutions for either system (1.11) or s7stes 
(1.12). Consequently, from our results in Chapters 2 and 3, we 
are able to remove the above Lipschitg condition entirely and 
obtain existence, but not uniqueness, for the solutions of the 
canonical hyperbolic system for both characteristic and Conchy 
initial value prescriptions. 

Following the attack of He LEWY[10], in Chapter 5 we reduce 


the equation 
(1.1) F(x, ys Us Pras r,8,t) = 0 


to a system of so-called characteristic equations by means of a 
transformation to the characteristic base curves es coordinates. 


This system is shown to contain a canonical hyperbolic system. 
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We treat the Ceuchy problem, i.e. to find an integral surfece which 

has a second order contact with a prescribed second order strip. 

By virtue of a theorem by Me. CiWQIINI-CIBRANIO, stated in Chapter 

4, LEWY'S work yields immediately the result thet for FP ¢ cftt 

in a suitable region, there exists a unique solution uc Cr"! in 

a sufficiently small neighborhood of the initial curve. We again 

demonstrate that tine equivalence of tne problems is not dependent 

upon uniqueness of their respective solutions; and, nence, by re- 

quiring aimply that F < C'! we obtain existence but not uniqueness. 
In Chapter 6 we treat the characteristic initial value problem 

for equation (1.1). te follow a modification of H. LEWY'S method 

introduced by M. CINQUINI-CIBHARIO([13). Here equation (1.1) is 


first transforsed into the form 
(1.13) 8 = £(x,ys UZ ppgs rset). 


A modified syatem of characteristic equations is obtained. 
This system also contains a canonical hyperbolic system. The the- 
oremes of Chapter 2 apply and we obtain results similar to those ob- 


tained in Chapter 5S for the Cauchy problen. 


in Chapter 7 we treat the mixed boundery velve problem for 


(1.10) S = f(x5yv3 us PeG)s 
ie@. the problem wheres any integral surface of (1-10) is required to 
pass through two space curves lasuing frem a point, with one of the 


curves oeing a characteristic on this surface and the other 
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eurve heaving curve having rowhere a characteristic projection. te 
show thet for equation (1.10) there is mo loss in generality if we 
ass-me the initial cata to be 

(1.14) w(x,0) w= ul(x,x) | Oe 

for f continuens, Sounded anc Lipschitgeian, we prove that there 
exists one anc only one interral surface of (1-16) satisfying 
{lel¢) om e@ comain for rhich we pregeribe explic£t bounds. Per f£ 
contimous, bounded and partially Lipsetitgzian, we find, by arg- 
ments analorois to thoae ousecd in Chapters 2 and 3, that there ex- 
ists at least cone integral surface of (2.10) satisfying (1-14) on 
a domain for which we asain presoribe the same type of explicit 
DONT 3 « 

In Chapter 8 we consider the characteristic imitial value probe 
lem for equation (1.16) from a new point of view. Fere, in order 
to extend the theorems of Crapter 2, we introduce the concept of 
upper and lower bounding functions for the selution (or solutions) 
ef the probleme This idea was first uesd ty Oe PHKAGH [28] to ob~ 
tain an axietence proof for the problem 
(1.15) via f(x,7) » = yle5) & Fos 
Mis proof ig quite indevemient of the classical proofs. 

e. Witcer [4] showe that TTPRON's method has no ¢ireet analogue 
for 2 svete 
(1.15) vis f, (es, 2°°" 7.) » (2 wlyeee syne 

Hs ia abvle, however, to extand the claszsical theorem for a 
system (1616) toobtain a theorem which reduces to the direct ana- 
lomne to the FPTPRuA theorem in the case vhere the oe are tonotoni- 
cally increasing functions of the arguments y,,°°*sY, « 
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The extensions to the theorens of Chanter 2 shich we obtain are 
sizilar to MITIER's eonelesions for the system {1.16). Moreover, 
we comonstrate by exampla that the PERLIN method has no éirect 
analogue for the characteristic initial valve problem for eqiation 
(1.10). We also sive an exexple illustrating the theorets ob- 
tained in this chayter. 'inally, we note that the Cauchy problem 
for squation (1.10) and the Ceuchy and characteristic initial 
value probleme for the systen > 
(1.11) BS, s fy(Ap¥F Syst? oBls Pyet *ePys Wo? Gy) 

(i = 1,°°*,n), 


may also be treated by the cethods of this charter. 
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CHAPTER II 


The Characteristic Initiel Valve Problem for “yy - 


f(x,y suju, sa) 

For convenience of reference we first state the following 
theorem, whose proof is cased on the method of succeasive ap-~ 
proximationse The proof of existence was given by z. PICARD ia\. 


while the proof of uniqueness may be found in E. KA¥KE Lel pe 


410. 
O<xcf 
Oz 7< c 
Theorem le 1) f(x,¥3susp,a) e C(8),Bs 2 
7 | “A <1 < Aa 
a 
“bap <b, 
2) f is Lipsechitgian on B;3 i.e. there exists 
O yp rmx @ positive constant KF such that for 


(X/¥$ Uz 5D) 0G) eB, (xs73tLsP59,) < B 
| f(x,y 30 sp, 1%, )-f( Xs 349 5P19,) | <= i } [aya | + |Py-Pp|+|/9.-.) { 


3) 8 hh a, 2B h< bo, & {,<>,> where M = max |f| on Be 


= > 4) There exiats one anc only one function u(x,y)eC(R), 


Oe k< f, 

Oxy (x,y)ec(h), where & : 
0O=zy=< 

(x,y) © R the point (x,y; sta the W “(x,y), uw yi %7)) e B, and 


» sich that for each 


Wyg! oF) = f(x,y; ul(x,y)3 Uy (Re), aL (eey))s eoibe = O, 


u(O,7) «0 # for each (z,7) © Re 
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3a a) Suppose we preseribe u(x,0) 2x U(x), u(0,7) & Vly) 
where U(x)eC'( 10%, (), Vy) = or lof, () and 5(0) « ¥(0). 
‘der the function w(x,y) = U(x) + V{y) = 3(0). Clearly, 








Bay (27) 2 0 ani w(x,0) = U(x), wlo,y) = V(y) henee the function 


Ve2u--w most satisfy vey 2 f(x,73 V+ W3 vty % 


v(x,C) 2 v(0,y) = GO, @ problem of the type covered by Theorem 1. 


¥ ws 


bd) Suppose f£ € C, Sounded ard Lipsehitgian in the 
O< xe I, 


Gomain & ; 
O<Fe f{- 
=< it < & 
“O< n< © 
-O<¢ < © 
Then hypothesis 2) is immediately 
satisfied. 


Following an approach used by @. BILLER l3| Pe 632, in 
Gealing with a system of first order ordinary differential eque- 


tons, we are led to this improvement cof the above theorem: 


Theorem lea. 1) 
2)' f is partially Tipschitgian om 83; 1.0. there exists 
a positive constant KE such thet for (x,y; 13 DP, 99, ) <=) By 
(X,73 UF Dov.) = Be [L(xs¥s BS Py 5G,) - £(%e7s US PysGy), 
=} | Py, | + [44-4 | ¢ . 


3) 


=> 4)' There extets at least one function u(z,y) <« C'(h), 
CzaB=a 4 
ay mer) eC(h), wnere it: such that for each (x,y) _R 


O<¥ ck, 
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\Ngagt be bead « nar ot) Wag hey 
tia 

"a. 


elt’? sages ele o ne Sivek ona ie <p 
* olteti Be oes tilt ee = 














‘ rer oe ro ,/" 1% 1ahe lt 


the point (x »y3 ulxsy); wily), ui (ze7)) ef, and a (sey) - 
f(x,y3 a(x,y)s a (x7)> ay (%09))» u(x,0) » O, u(O,y) # O for 
each (x,y) ¢ Re 


Proof. According to WEIBRSTNASS' celebrated theorem | 4[ p. 1147, 
on polynomial approximations to e contimious function, there exists 
& sequence of polynomials, S¢ $ (x,¥$23D,9), converging unifornly 
to f(x,y; u3 pp»qg) on Be He desiznate this uniform convergence by 
the notation 38 ware on Be 
Be extend ¢ and the polynomials g, , (rs 1,2,°°*), over 

the domain § to the domain =, defined in the remark »b) above, 
by the definition 

f(xysys 25 Dea) & f(ey73 Bs Dg) 

6 (X»¥3 25 Peg) = gS (xey5 U3 Deg), ( w 1,2,°°*)» 
(2.1) where 


Bwuif ence » Pep if -bj<p<d, » Gear “bo << DQ 
Reef acu Peb, if b, <p Gs bo if bo <Q 
Sw f on 5 o t ad 4 - 
Qeaif u<-a P=, if p<-b, Gs % if G< be 


From this extended definition we see that |fj/< Min B'. Since 
Lt unit in Bt, there exists a constant L-O such that la, lat 
in 8 an¢ for all \ « Phe funct’ons BE)» (Ae 1,2,°°*) are uni~ 
formly continuoue in E', moreover they possess bounded cifference 
quotients with reapec’t to the arguments u, p and q everywhere in E. 
MNenee in Pt, for each function & \ there exists a constant By => Q 


soech thet 





4 


Se ee ee 


ee ee ee ee a ee 
" 





~ RF tee lon ret 

sve | Ga ime! De ieee te ips = 
_— ome het 
VERE MP eRe foray rete een View T 
> fh ge «F ‘ee Ai get ae Mee? 
~~ SV eed 74 ot “se veer 
ah chee BV ae wee ee eel Met deters 6 A? Geel 
15) ,0/ Pat ee OT pane @ taken wate yea SME Je / 
mre |e eh) ge eee men Ge 4 Le 9% al 
ee LI) Dates coerce qankt teemeeiet 216 cf eee deme Tied 
0 a. seemwraees py Gwe @ ye eis ald od Lees fie seein 
Oo < 2 dstemes © etait ere 0 ee Oy Se 2" v/ ee © 
‘“." = 8 
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(202) |g (xeys U3 P)ra)) = & (xox UL; Ppr4,) |< Ry (w,-a.| 4\p p,~P.| 
+ |9,~4,) ( : 
Thus, by Theorem 1, to each ¢g there corresponds one and only 


one function ¥, (x97) e C'(R), uw (x,y) € C(R) satlafying 


Ag XS 


(me) ow * & (xe78 4 \(205)3 Uy ig e¥)» yy (ke) ) 


@ (2,0) e O, a (0,3) =O for each (x,y) < Re 


We may express the characteristic initial value probtles for 
each u \ in the form of an equivalent integral eanetion 


(24) 0 (x57) (oes BCE eal Dee, CE.) 
my SoU ens 


By cifferentiation, 
(2.8) eNom (x,¥) =| ob ni% VFB u(x, Nee d yo), Be g(%)) ay] 


x 
(86) a, s(x) =| gC rors wy Conds a, al Fogle wy CE ay) are 


We now show that the seqiences Saver 53), as $3, 93 
8 
are each uniformly bounded and equicontinuozs on Re. For the se- 
quence Sunt this follows directly from the integral expreesion 


(2e4), for, given x, ys Xo me [0,f, | and y, Fy? Jo < Look, | , 
(267) \utees)| < O40, 5 Cd 2 dedetre } 


(28) \u, (2, 67,) + 3 laooy, I< tlmy-e| |3,-¥9| 4b Ly | 2°%,) 
+UR, |g) » (Aw ts2eee ] 






eke eS a 
= Bese le (= tea= sat 7 
-¢ 3 


> «¢ = 







a 





Se ee RE 


> gee 


Palin Hy Pati ae Het ment? 
‘ io be - 


ienecpe SE Be oe Age eee wht fy] me 
a Lyle be ge igen ee (Qu) Faget ln 
("pie ft » NAF = (hes) rat 


my) et yt! Leal? + \gtagtt w (tage as « 
Pree Ay « /eeyt) 87, 
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The uuiform dou rdcadcness of yay = and of 5 7 follow 
F] 
directly from (2.5) and (2.6), respectively, for, given (x,y) € R, 


(2.9) Bg (ReF) %, L fs (\2 1,2,°°°) 
(2.10) | a) (zr) | Suh (de 152,"9°)- 


We base che proof of the squicontinuity of the functions of the 
sequence ert: upon the following two lemmas, tne firet of which 
is due to T. Me GROMFALL | 5 |. 


Lemma le. 1) ily) < C(LO¢ |) 


x 
(2.11) @) o«< atyi< | cw n) + &) an + B for y<[0,f | 
where MH, 4 and 8 are constants > 0. 


(Bie) 8) 0 <2ty) 2 (as 0) tor y < [Of [> 


Lenwe £- Given U>G, C>G, there exist & , a positive constant 
cepending upon a @lone, ami BE, & positive integer depending upon S 
alone, such that whenever (x, oF) E Ry (099) E Ry | %,~%, | 2s 
ané A>, 


(2.13) |) ans sy)ma, 2(%o7)| < nl" LO) oe Xe) - EL) 
+AesS 


where F ia the rtial Linpsehits constant for f(x,y! us p,raq)e 
Assume, for the moment, the validity of these two lemzas. Tach 
of the functions ap ‘a is certainly uniformly contimous on R3 henee, 


if we let Zly) = | U, x(RorV)—O, (2, oy) for any particular \> RH, 





-( Le). eer a seis aac juay 
Sree three eae et 
triers) Sahel a= we 
</ 
a cara lly ai 3 
Steutian heath ani adtenad thtienall Saikleaninla . 


SP eae ssf poy 16 WENMtter aft fee Ot av odes 
Gree (E oe Uren tia Gineet Ger Ghapatver ef. Faire tar wy 
=<) etre os ee? a ed igi ee & 












. 


Lo 


we have immediately that for \x,-,\<& 9 


Kf. 


(a14) ay (xyl—a .(xor)) < (usd) 0%, 


Suppose (x, y) eR, (xX. ye R, then certainly (x97, ) eR 
) £ 
and 


(2.15) \) lk poeF Ime) (xy 09, | = Lay le o7 Oy (7, )| 
+ [Oy (FF, By (% 9) | 2 (Ne Leer?) 
By (2.5) we have that 


(2016) \u, (x9 Jory (ea)| < Byler) 6 (Xe Leet?) 


2 


Inequalities (2.14), (2.15) and (216) yield immediately the 
equiecontimiity on R of the functions of the sequence Su) a 3 
 ] 
for, given E€ > 0, we first choose p> 0 and C>o such that 


— 
(2.17) jot 5 eee 


and let § and WN be the corresponding constants given by Lemma 2. 
By the uniform contimuity on R of each of the functions BU)» 

3 
there exists a positive constant & y? Gepending on € alone, such 


that 


\ x, ~ x \<&y and EA - ¥,\< Sy > 
(2.18) \a) (Xora (x3, | <e » (de lp2pe 5 BM). 


Setting ¢ 9 t min(S , S ee or) we obtain 


Ts ete web We mee te Hat yh once 
oe eke oe ee ee 


=,2 alr js! Ne aed fe 
<u“ oakh » mbna gel el, rl aa 


whim 1S yd i dldin gs, 5 eel 
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Iy-%e1<b5 M2 IN Mel<dq => 
recta Ja) g(Fpetglty (41 97,) |< » for rz 1,2,°°° , 8,8 +1,°°° 


Proof of Lema 1: iet I{y) = eT « a{y), without loss for se may 
always choose w(y) = eo” 7 - 2(y). wly) — C([0,f][) and hence at- 
taine @ maximum thereon. Let Wax COUT Bt Y zy), then 


C< eo 71 “oar <\ ol ech ) + A) ar +® 


77. 
<4» \ "te Veh FAY, +2 


2 Kaan (@ 21=1)4 Ay, +8 


Tous O<w <AY,+ BS Af +B end hence 
max 1 


Ca tly) < (Af +8) otf for ye L0,f |. 


Proof of Lemma 2: 
¥ 
By TI) Be? 2 |e Lente a (Xost))3 
By x! %_eh)» By (Foe) 
= € (x, obi 2 lary 9 O05 2) x (%, 0) 
(2.20) aA [ &)(* 98 u (x01) 5 Dy xl%ge))s 
By yg Xe)? 
o P(xpels iy (X—9h) 3 By xt eb), 
®) yer) a n 


+)? [f(x sh3 BO oh)s By (Xp) i 
By *a0t))) 


~ 
‘a 





ea ae 
melts im 
ite tinal co 
sift lg Lh ae Apaghtt = 
ed oe 


: = =? “ apfagetr] © + 
Gyms . dah POP 
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itt J ixoeMs Blo s ay (a oD» 
P rer U 4 . Q 


¥ " 
+ (OL ttash w (xh): By x edo 
My oP)? 
~ P(x, Qs u(x au, (aD, 
a ep ab 
¥ 
+\" Lecm, ohs B(x, Ds By Rel) 
by yh)? 
- € (x, obs w(x, be Wy Reh)» 
Bye Pd ah 
(Ae 1,2,°°%¢ )e 
sinee fe, wait, on G', given Cro, there exists a positive 
intecer HW, derending upon c alone, such that for \>48, 
mf 
(2.21) \\. Le) (x50) 3 (xo) By (Xr) By (%ye))) = 


f(x, 1) a(x )3 * (Fors ayy (%qet)) | ab| 
eC Lela els aly ots ey ods wy Cyt) = 
6) (Ry +s (x ol) 5 By (Xo) my (Xt) | an <b 


By hypothesis 2)!, 
5 y ° - 
(2.22) ih [f(x hs w(x 6D) B) x(%eeh)» Oy re")? 


: 
” 
7. v A 
' 
. = 4 
‘ 4 “= - 
= = wa 
« , {7 Jar 
ee ee i “4 
4 i - 
« w > | 
\. 
« 


ov ITS 
ACh Arlo UT Hg 87 deme) 





ES 


‘ae “f(x 03 ay (x sD By 5 (%o)> Wy XZ qe) | ah | 


a a 7 e¢@e 
<0 97 15 eee) = Hy ODI AY + Ore Bese a 
Sinee f£ fs uniformly continuous on &', the funetions of the 
sequence fay are equicontin:ous on R, anc [a, y %qe)) - 
. 
woh | < wf | =~, | » (\21,8,°°°), 16 fellows that given je> 0 
there exists a positive constant & , depending upon 4 alone, such 


that for |x ,-x,(<é, 


(2-23) tia Lf tah 3 w(x ps a le)» By (Xoo)? 


“ (x, oh 2 (xy oh) By Roh)» By (Rey) | ahl<p. 
(ez 1,>,cee)e 


Therefore, from (2.21), (2.22) and (2.23), by virtue of (2.20) 
we obtain that for \ > and |x, - %,\<& ‘ 
(2013) [a (ayer ma, (2 57)|< ECT [wy (xp) - wy (ob | ah 
+n+S 
thue verifying Lemma 7. 
Tite proof? of the equicontinulty of the functions of the ae- 
quence yay yt follows precisely the aame steps as that for the 


sequence 12 e 
- } d yx 


ve now inveke the well-known theorem of C. ARZELA l3| pe 11443 
"Siven a set F of functions f defined and contimous 
on the closed bounded set A, then the necessary anc sufficient 


concitions that each sequenee of finctions contained in F possesses 
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pineal in) whey git Pingae, a Talt 
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Sewetesm (© G8 Fert est ee eet R en!) be eer Gees Fats Sherk) One 


20 


@ subsequence uniformly convergent on A sre that P be uniforaly 
bounded and equicontinuous. * 


Py Theorem 1, there exists a unique triple (ays a) 2 ) 
9 


» 
eorreasponding to E) for each \ ». SEinee eny subsequence of ~ 
uniformly convergent sequence is likewise uniforsly comvergent; 
ai, sines any subgeqnenee of a uniformly bounded and equiconti move 
sequence is lixswise uniformly boanded and equicontimious; there 
exists 2 subsequence \ g xt of the sequence Se, sceh that the 


corresponding sequences 
. */ wif 2 ) enif ® ubif 
aan sa » = fa2 it — Treas — 


where u, Vv, 6 ee C(R). This results frem the following euccessive 
extractions of sudsequences: 
ay ig equicontinions an¢d uniformly bounded on Ff, henee 
thera axists a auvseq:ence suit of 5a Ne uniformly convergent 
Om Re {wy x4 is equicontinieis and uniformly bainded en KH, hence 
a 
| | 2 1 
in : . a 8? a = 
nere exists a —— 1th es of Say uniformly sonverg 
ent on fs Ler {8 equicontinuous and uniformly boumied on i, 
henes there exists a subsequence Ty { of par ¢ uniforsly 
As¥ Aa 
eonvergent om Re uit, by the one-to-one correspondence mentioned 
above, a’ 5 58 @ subsequence of Say xf while ja}! isa 
a ¥ 
bi 2 % | 
ad mt ig 2 + 2: ‘ _ 
subdssecenece of sa, Tits ae and bas, ¢ are each unt 
formly convergent on H. 


% 
Writing, with the rotation u =u =z U = 0, 
0 O,z OF 





tos alone oa Seceat pam 
- “ Le 
Piet oboe et Pay 
A= Mele semeyttan fom | 










ee 














mn tN oie hd pots, Lo 
at |] aie a | nt 2 as YL) ome 
oka, Ome iol baat mem «Ios 


wo slew) 


- — a in) 
ebaite ne. hil 





ol 


ee es nes ees 
S) * 2 * 1 ee 2 = (ay eal,x!? 
oN 
u™ e=(u” -u* Y» C2 1,27"), 


ey wel Koy KHlyy 


we see that the conditions for 41 fferentiation under the summation 
sign for infinite series are satisfied by (2.24) and the faet thet 
ue CR), (\@ 1,2,°°*)e Henee 


(2.26) vi{x,7) « ui (xy)s w(x,7) a (57) for (x,7) <R 


@s show that the furetion wu se Getermined satisfies the 
integral equation equivalent to the original charactertstie initial 


welus problem, 1.66 


(mer) wlasx) =|” az \’ HE sts OE Ne mE Ds w Eo A 


for (x,y) € Re 
Por amy \, by (2-4), 


(#225) |u(x,y) -\ "ae vy 2(¢ she ul Qs alls od, a ofS 0d) ah | 
< \v(x,y) = utizyy) | + +("e s\* | fle ns ule she a (ss 
aCe Md = CE oe BCs olds wy CE ale ae les ban 

rVSOEGZIeCE ae OSE oe WF oC oe of gf Ea 
“eS heals shea Cee a Ce] al 
Since Tits —_ fon &', sah ae uonRk, given —>0O and 


(x,y)Ee FP, there existe a nositive integer B,» Gepending upon € 


alone, such that for \ > #, 





Heh Te Par AT Tigh dea ry nied, 


i i 
e =e © 
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“Writ tna 
SNe unltjael, 
Deo Winey Ala een ert ihe 


i Ox > 
P a> hay oS) rae St Soe — 
ote 52 rent Ming 6 OMe OE oF 2 hd 
7 ml, ig 5 aw heer: ‘ 











an 


(2.29) \almy) -alissz)\<e 
. ¥ a ° e. 
(2230) Voc: +: \ete 5 a ( E D3 a x! [ )s By ylS oH) 


- ase abs eH Ess wy (Eade ar CEI] ay 
<€tyh, 


Moreover, sinee f {s unlformly contimiouse in 2! while {us { , 
Sa | a ,; : 
{US eh P 13h,9 converss uniformly on F tou, 4 — reepeec= 
ively, there exists a positive integer B_, Sepending on € alone, 
gneh that for A> Bos 


(Bsr) (Mas (2 [cs ols als ods ale sds wll E #20) 


af{r ss ys 0 )3 By lS 2)» wg Fa) | an 
<efk- 


Tmtrod@ueing (2.92), (2.20) and (2.31) inte (2.28), we obtain 
thet for \> max CH» H,) 


(252) |wlayy) =) had | Fe(g os al Eos wl CE oe BE sD) 
ie ii eff.) 


Mt € te arbitrary, henes (2.97) le verified for each (x,7)<R 
We must verify the one additional fact that for each (x,y)eR, 


(x,73 2(2,y¥)3 Ui (xXs7)» a (asy)) eS, instead of Just belonsing to B!. 


tates hil Linaimis on), ace inset 
taean=- 


usin Sate Goniad fanceneae ans 
48 0 %_3! Swe wel rata deel Lew bute cme all Tiler them a 
oh  avkine ted feet O tentads WWE liqd) lial (ee ied! - 





Ry differentiation from (2.27), 
(2658) a xyz) | Perse aleY)s a (xey)» B_(xsh)) Ay 
(254) wp(moy) wel Fave ol 5 ove Ol E oye we oy)) 5 « 


Menee, from the extended definition of f, (2.1), end hypoth- 


esis $), 

(2.35) |u(x,y)| < (ae (? [2g ahs CE olds OE ode a(S oh] e 0 
= Mii < 

(3.36) lu, (x7)\<(° [P(xsQ3 w(aeh)s a Crs), a (zh|eh 
< nf, < om 

(2.37) Juinsz)|<\ [PCF avs WCE ove BCE ors BS sx) )|ar 
4 ik, < be » 


thus compieting the prool ef Theorem la. 


remarks a) and 6) to Theorem 1 apply ae well to Theorem la. 
Ry the folloring exacrple we show that the integral m.xrfaces 


for Theorem la are not necessarily unique: 
Example 1 Cousi¢er the characteristic initial value problems: 
(2.38) tes * lul” 3; u(z,0) w= ul0,7) & 0. 


PY 
Here f(x,y 23 2,9) @ |u| {$a contimonus for all u but raile to 


satisSy a Lipschits coméition on u atu 200. Theorem la appliss 


= inate © fori 4g Ti og vee 


sien ee le oe (on to 2! a : Tae be reer? el 
wie 2 aoe 2s + ie ee oe! Proms) 2 Pei Sie 
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to insure existence of a solution ina sufficiently small neighbor- 
hood of the origin. However, at least two solutions, valid for all 
(x,y) in the finite plane, are directly available. First, u # 0 
ooviovsly satisfies. Second, if we seek a solution u satisfying 

i) u dO, 


44) there exist functions X, Y such that 
u(x,y) = X(x) + Y¥(y); 


that is, by the method of separation of variables, we obtain imme- 


diately the solution u(x,y) s lx? y~. 
16 


For purposes of {illustrating the various situations that might 


occur, we give the following: 


Example 2. Consider the characteristic initial value problems 
(2.39) =lug|® s ulx,0) = a(0,y) 3 0 
0 OY U xy = lug 3 9 = t as? 3 ® 


Here f(x,v3 w3 p,q) = ip\* is contimous for all p but fails to 
satisfy a Lipschitz condition on p at pew OQ. Sinee p(x,0) = u,(x,9) 
= O neither Theorem 1 nor Theorem la will insure existence of a 
solution over any domain inelnding a portion of the x axis. Such 
solutions do exist, however. One isu# 0. Under the assumption 


Ps u, 20 we obtain another, for now 


% 
= or 
y is 
d 
at = 2p? ey +0). 
Since p(x,0) «= 0, ¢, = O and 


1 





ata hav 
grtrtec & 


, © @ w lt cin weit 
we Vey 









a ~ 


peu, re or, intecrating, 
4 


Sinee u(O,y) 2 O, e¢, = O; an? hence 


{3 a aeconi solution valié throughout the finite plane. 


In Example © consider the function 


o for z< @ 
2 


oa for x 


aS {s continuous for all (x,y) and satisfies the initial vélue 


ui(2,7) = 


WV 
‘s) 


problem (2.89) everywhere exonpt along the y axis, where for y gf 0, 
Ug (Or8) Goes not exist. Kouchly speaking, u, is a conti mous 
{integral surfaes of problem (2.29) having a jump in the norwal 
first derivative across a characteristle. 

For equations meeting the contimaity, boundedness and cartial 
Lipsehits requirements of Theorem la we camnet mateh integral sure 
faeces itn thea avove fashion to obtain firet derivative fumps across 
eharacteristics. This follows from the fact that if ss prescribe 
ula yxy) e Viz) e en( 10,f,1) along the characteristic xwa, 


ac Lo,f, | , then 


(2240) py (easy) 2 flasys Viy)3 plasy), Vily)) 
p(a,C) - QO 


represents a first orcer orclaary Jifferential equation for the 
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ede . 
y= —_ % : 
’ P 
’ a 
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Tivahe ol vedic UTVIW PreePt + teal ge] lame 
°-* ved 


a! Was fables LobeerwN > Yet Ove saber fwd! 6 ete eRey 


unknown fusretion p = Uy umder @ one point boundery contition. The 
eonditione thet f be covtimious, bounded and partially Lipsehitre- 
fan are sufficient to insure the existence of a unique determina-~- 
tion of u,(a,y) for ye [0,f,|+ Mote that in Example 2 the fune- 
tion f was cortimaous only and henes the cdeterminstion of uu, frocz 
the ebove ord¢inary differential equation was not unique, thus 
admitting the possibility of a jump in us The conmiitions for 
the determination 4, elong a cheracteristic y w conste are 
similare 
The above remarzs serve to perait the extension of the domain 
of existence of the interrual surfaces of Theorems 1 end le from 
F to R*; > . The argumenta for the existence may 
“ho a ¥< if, 
be made applicable to other quadrants than the first by mere co- 
ordinate refleetions. Moreover the integrals obtained in the 
separate quedrants muat heve first order contacts with each other 
along the coordinate axes ty the above reasoning from ordinary 
differential equetion theory. Hence we may obtain existence and 


~ replacing ef,c<xaf 
umigueness over the domain KR ty/B by B :3 


in Theorem l3 and we obtain simply existence over ne by replacing 
3 by B in Theorem la. 
in the claasical existence theorem for the ordinary differene- 


tial ecuation 2 = f(x,y), with y(O) = 0, the conditions that fr 
ix 





Sree i 
gtuaseet D> “Y maee apeeretee claws cleday re tw pf arcre «2 
a aes ee = | 


ee tie ered ee 9 eet ownavie® Coote? es 


“ p24) aarrisewe wee s~ & ~e ate ,itet!? a ~ an 


S-< kK 


— 


Te. X 
be contimeus on ce} » with & 3/\f\ on C, were shorn to 
“b= y= b 
be sufficient to insure existence of at least one integrel curve 
y 2 y(x) for x e[0,<\ with < min(a,z)- This tound, 
ol min(as2), was shown by 4. WINTMTY. Lis | to be a meximel bound 
in a certain sense. fe apply his method to Theorem la in the 


proof of the followings: 


shoorem Ze 
O<xef! 
If, in Theorem la, we replace B by 2%: 2 
O< ¥<f* 
-@<u- @® 
“bi <p<dy 
“b,<G<bBp 


anc require that f ve bounded thereon, then hypotheeis 3) in that 


theorem redcaices to 
3)? f,< min({?, may f< min (f, 9 p he 


where Hos max Ea on 3". Horeover, the vounés established ty $)* 


are meximal bounds ina sense to be eznlained below. 


Proofs 


The condition ¥ L, I, < <a of hypothes!s 3) is immediately 
satisfied since a approaches + @- The conditions ™ f; < bo, 
¥ f,< b, may be rewritten as in 3)' and are now the only restric- 


tions on h and [. 
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| Dealers eat Cah © kN elie te 


cere 
Thode tbs «) (h scomtewer Ye 6 4 21 to oe we 
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“Toi th on ae rte me ‘hal ve qtltmew ce we Ae 


If GE <7 = 2h < <d, then the conclusion is immeciate. 
Por, we may take sana a3 Pea) 2 h(x), (g(y)), whieh fMoction is 
not even defined for x >f, = Le (y>f, = f.)- 
Supposs 4 >ee Then we consider the sequence of problems: 


ans, u(x,Q) 2 u(o,y) 2 O, (mel,2,°°*)« 


(2041) us (2/® Ly 
Setting Pp = Uys (2.41) decomes 
py (*»7) = , (gfe - p(x, y) m1 | te p(x,0) = O-. 


Integrating this ordinary differentiel equation for p as a 


function of y, we obtain 


p(x,y7) = gi fa “ studs m a s | at+l/m ? 


Dut, sinee p # u, and ul(O,y7y)} = O we may interrate again 


te obtain 
, 1/n 2 m+1/m 
(2,49) a(z,y) 2 sx | 2 -| Bre oa 7) | ! 
where 
i, 
(2.42) ce SL gt 


The line ye Cis a branch line of the anlution »e Under 


’ % s 
the sumposi tion {>a » the cesired statement is that ~ is @ 


te Pf 


maximal bound on hy LeGe, for each €>O0, there exists a function 
? 

f(x,y3 vs p,Q), fepenmline on € and satisfying hypotheses 1), 2) 

arn} 3)! on £", such that an intecral u(x,y) of the problem corre~ 


b 
sponding to f has a singulerity for some y « (“1 , y- 4+€ )e 
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Ita<e' 

wiel 1.6 @eivceee Gtr To enit re) 6 fy Oe 

o5t Fane +f Comet ote OmeSpa? wat 6 O61 tetas 
e 


Pee 2400 P OEE WV Raa owl ae twd yy 
‘fe tf seer gehete tee See > ae ge terege® inet tr ty ett 
~ermer eebfeer, ee Dy (gychc Iecpei!] cw fae Gee 8 ce “it es 


Aaa . List gi beeiemale © Gad 1 ot poets 





Deli ning 


f [ers UZ PQ) = (gi/e > - adiie 


for - 
(m Z2 2, &,*°*), we obtain 


by. = gi /etl | x: (gi/> , el/e+lyi/e+i, anc, sinee 


1 /m 


(2 + pi/m+1 >2, (m 2 1,2,°°*), 





Moreover, by (2.43), 


Lim G p= i e 
™-> = 


Henee, given <¢>0O, there exists a positive intecer KE, cepending 
on € alone, such thatn > => 


) vB 
baa] 
eto > gre. 


> 
Consequently wl {is @ maximal bound on f. 
x 
To determine that the condition Lh < Rin L> 2 ) is aleo 


&@ maximal bound we consider the sequemee of problema. 


{2.44) 1. = (ei/® - we ills 


& 


, 2(x,0) 3 u(O,7), (a bad i..,** > 


anc follow the same line of reasoning as befors. Thus Theorem 2 
is verified. 
The close pareallelis= ‘etween our concluslons and the class- 


leal theorems “or first order ordinary differential equations 
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(See F. TA¥Er le | ) leads one to snepect that an existence theorem 
might be proved wherein mere contimity of the function f was de- 
manded. The analogue to the Cauchy polygon method ia the attack 
suegested ty the paralleliem, and it leads to en existence theorem 
for the charecteristic initial valve problems: 


(2.45) sy - f(x,y3u) » ulz,O) w» u(O,y) = O- 


We cdo not sive the proof here; first, because the theorem 
is a epecial cage of Theorem la; and, second, becanse the steps 
in the proof are practically identical with those of the Cauchy 
polygon method for ordinary differential squations. 

When f = £(x,y3 u3 p,q) and f is merely continuons this 
attack invelvee difficvities which we have not heen able to re- 
selve. We sketch the method to indicate the source of trorbles: 

In a neighborhood of the origin a partition Tl by 
characteristics is specified where the 
subre;ions As in the first qredrant 
are defined as 

*.,7 ™==*-"6 (2, 400,1, 2° *9) 
w,< » na ys 1 





We formulate the approximate integral surface u corre- 


sponding to the partition TT as follows: 


(2.46) ug(oy) = {0 ag” PCE sh) at, 
IO O : 


te 


where 


. _. : 
Peover) TP PPO Pe 
| Wats 77 
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(2047) Po (moy) = f(xy VF Va (Roy dE Va, (A_oys)» 


J 
ror (xsy) > ats 


The principal difficulty lles in the fact that the derivatives 
av 
(2.48) UTx { Fy (x; y) an and 
0 


(2.49) Ony =" E.(Esy) a& 
are ciscontimous across ths partition lines x » constant and 
y =z constant, respectively, thus preventing the direct application 
of APCTLA's theorem on equicontimous functions when we consider 
the sequence of approximate integral surfaces formed by partition 
refinement. 

The equation of (2.45) appears to be more amenable than the 
more seneral equetion involving the first derivatives p and qe 
G. PUI NI [26 | pe 62?, by cGemanding only that f(zx,y;u) be continu- 
oua anc Lipsehitzgian with respect to u, has proved the existence 
of a unique integral of a = f(x,ygu) satisfying Dirichlet cone 
ditions, 1.e. the value of u preseribed on a closed contour. This 
result, while remarkable, is not contradictory since u is shown to 
have a discontinuity of the second type at one point of the 
voundarye 


Re conclude this chapter with the statement of the extension 


of Theorems 1 and la to a syetem of equations 


ey ee 
—_ a 


etesetee alr Le inemwt eee ai Ate <enqem «te <tieane 
wee tenes Te cetipe 6 ee a! ee 2 eemeeel te 





OL 
(2650) Bs Sy (ApFS Byer og Pye’? PyeGo°°%rGy) p (Sel, 25°°° ot 
esetisfying the initial concitions 
(.51) a, (x,0) 2 u, (0,7) =O, (£01,2,°°*% »M)e 


Theorem 3, below, ie & natural extension of Theorem l. In 
principle, {% was firet obtained by O wiccorrrTr [14[ pe? Kis 
statement, however, is not explicit aboct the baum’s on the comeain 
ef exietence. Moreover, to orove uniqueness he requires the f, to 
be of class C'. Be obtain the improveé statement, Theorem =, by 
mo4ifying the arguments of T. Kamer [e| pe 402 ant pe 403 to aprly 
thes to the syratem (2.50). 

Tneorer 3) 

C<x<f, 
@<y<f, 
“@< u,< & 

wb) < Py <>) 


“b.<4,< 5, 


1) fy (07s gs PyoGs)” © OCB"), BPE 


2) The f, are Lipsehitzian on 8"; ise. there existe a positive 
constent K such that for (x,y; ays pis, ay) e @", 


(x,75 U Ps! »* </ e— SB", and i a 1,2,°*¢,n, 


; 
2 
\%, inva als p ha 4) - f (ears wees p* 106 )| 


< FS ha uly + ley = eho leds - 9° sts 


Sul J 
5) @f, f,< 8 Bf, < dg, Us,<d shere 
E = max 5 | f,|\,°** Ital an 2%. 





HOtation: (x,73 + 145 Ps0Gy! = (x,y3 Uy ee? * 9, 5Py 9°” * Pa» 


Qy0°** +S) 


ates, Myer tn ee acoA! © Leeeyh LiF tye fomctene § 
la ree 





Gaye ton bw, (mez) Ss CME, Wy (Rar) | CRD, (Fulet** om), 
where R:}0< x<f, , such thet for sach (x,y) < & the point 
nae 


one set of functions 





(x,yis(xo7)5 ea 2 (x,y)) © EB", and 


Jo¥ 
Be xy FOF? s £,{x,ymes(2s¥)5 By ig teF) Dy og to¥))s 
a, (%,0) we u,(C,7) » O, (12 1,°°*,n), for each (x,y) € Re 
Ry relaxing hypothesis ©) we obtain the improved theorem 
below; vhich stanmis in the same relation to Pheorem 3 that 


Theorem la Goes to Theerem 1. 


Theorem 





1) 
c)* the f, are partially Lipsehitsian on B"; t.6. there 


exists ea positive conatant K sueh that for (x,y3 uss Py q:) ee B", 


(e778, sR" 500" 5) € Be, ene i sl, 2°**, N, 


? — 4 
\z 4 (%eF5 a Dp 5? qt.) - ee \s Dp 3? © my 
S Sia - L « gf . 
aie p’,) + lat, = ay 
3) 


| 
4) Thers existe at least ome set of functions \u,,°*°,u 


B,(Z,y) € C§H(R), Oh yyy FoF) Ee C(R), (jJnl,°°*,n), where 








“o 
See ew ee 
PVT A aKa Fle Ss Meee, se alle Wet, & x. 





O<x<f, 
Re » meh that for each (x,y) e R the point 
O<r<f, 


(x,73 u (ters W (x,7) 5 Bey ke¥)) eb", and 


1,% 


wu, (esx) o fy (eer U,(2,7)5 0 


(oe By MeN ls Wy yltey) ds 


J 


u, (x,0) =1,(0,7) 20, (1 21,°°°n), Tor each (x,y) < Re 


The proof of Theorem Sea is essentially a step sy step repe~ 
tition of that for Theorem la. YWEITRITNASS! theorem tells us 
that for each rositive intecer i there existe a sequence of 
polynomials $B x. (x73 ays P,sG,)s (\ 21,2,°°*), converg~ 


ing uniforely on B" to f. (2,73 2,3 Fy 9Gy)s we extend the @, 


} 
end the f, as before ané obtain that there exist positive con~ 
stants L, such that for each 1 | g, | < tl, 6m B", extended, and 
for all »\ .« We lst Le max | Lae?" tu, and proceed as be- 
fore, useing Theorem 3 in place of Theorem 1 to obtain the Integral 


4 
By associated with each fy ° 


fe note only ome point of sliguifieant difference in the 
arguments. In plaee ef inequality (2-12) of Lemma 2 we now have 


the ineqsalities 


lus, (xo,7) 5 Bi (X09) | 
a Ky > \u (x ”) ~ (x >”) )\2 + 
pe JXox' “2 ejhom 1? 


0 
T ilieseaaay) 


Summing theee, and letting 


id nm ee 
2(¥) = = [Be x! %oer? - hem: 


we obtein 








+ 4p om an . af 
ss ato : ¥ ree -~ 
me Na ve (Gta he eee 

ante Eien nat 





| Ney cai (Sent le xe? 
Gh LIM chat j Meeps iP - 
ro ae eaten | tae oo 


6 aety, cP* Meethe, coe! Se lye 





Alte & 


o<ely)<mn |" 2th) ah + ml psd) 


te which Lemma l eppliea. Thus the ecaicontinulty ef each of the 
senuences su t >» (Lo 1,*°*,1) is assured. 
LD 9X - 


Remarks a) and b) to Theerews 1 ant le apply, with obvious 
modivieations, to Theorems 3 and Sa. Koreover, as before, wo may 
extend the Zomain of existence of the integral surfaces of 


“fi<x< 
eeorens & and Ba from R to R*: i 


hi< ¥e f., 
The set of functions S ayett ag representing the solution 
to the orobles of Theorem 3a carnot ve shown te be umique. This 


{s made ovident by extending Txample 1 to the syetem 


_ s \u, (4 . wy (x50) 2 a, (O97) = 0 

Wo iny = o , a (x96) : ui (yy) = 0 
2 : to 

= a . ff ‘at 

“nay = 0 > tf%9) 2 u (Gs7) ms 0 


for which wu 


,=9 (Le 2 5 *** say 


“~ _ 


while u, = 0 or u, 2 ~- x ye Thus @t least two s6ta of solus 
tions are pomsikle for this system which satisfies the hroothssees 


of Theorem Sa. 
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CEAPTSR IIT 
The Cauchy Problem for — = £(x,y¥s Uz _2)- 


fhe development of this chapter closely parallels that of 
Ghapter II. Consequently, the notation willl be abridred, in 
yarticuler with respect to the arguments of functions; and tho 
proofs will be merely outlined to show minor variations from the 
statements in Chapter 2. 

For reference, we state the following theorem proved first 
for systems of equations by O: NICCOLSTTI [14] p. 7. Our stete- 
went may be easily inferred from that of &. KAMKE [2] p. 405 and 
pe 410, by a slight modification of his proof. 


1) f{x,ysusp,Q) < C(B), 
O< x<k, 
f Bs 
2 | 0O< yx f. 
ea <u<a 


O af x 2) f is Lipschitsian on BR, (as 


defined in Theorem 1). 


3) ML, fo < % uf,< dss uf <b,» where M = max |f| on B 


where (7 (x) € C'((0,f,1), (o'(x) #0 


for x < [0,£,] and a ae Ie 
the 


leap & nat eee chee? ant 





si heed eteidweng yivendy <eemeks el At WH Avmnquienge ft 
cb inchs mt LErw madmen oat ecltmmmartennt it amlnentt 
wid hak \amct mney 22 eames id oF tnogeey abe suailemarnes 
ele eervh amb tabnny cabs tows oh Beakiner eivyee oo Eide sven 
veces al édeemedats 
aise inereny eee GeeAAGE alk poery oe yeamerilien We 
saat we ee Dl 
name See ce 16) UE ee He dee ey Sevens dome Od ym tee 
sieeve ADE De eeasi ee HLS Ew A Oe 
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ae 
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oi epee a3 bee 








7 he ee a el 2 eh he iA 


; ' -t-«. 2 | 

oe \e' off AOI 1% Sin) DY Oe . . 7) i” 
; ary © § 

~ i+ " te ’ ab . —_ 2 
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onl function u(x,y7) <= CI(R), 


Vi B= 
} , auch that for each 


Ww 
*¥ O<ycf, 


(x,y) = BF, the potnt (x,7;3 ul(z,y)3 WLI e7) > uy (a.¥)) e< B, end 


=> 5) There exists one anc 
(x,y) <¢ C(R), where hs } 





Boy! FT) = f(x,ys ul(x,y)s ui (xy), wierd) 
a(x, Y(x)) = u(x, P(x)) = u(x, lx) = 0 
for each (x,y) € Re 


Remarks ce) Suppose we prescribe u(x, Y(x)) = U(x), 

ay(x, P(x)) = P(x), ux, Y(x)) = Q(x) where U(x) < e( 10,4, [ ) 
while ?(y), Q(x) = c( 10,4, | )e Sur prescription mast satisfy 
the atrip comfition 6’ ef +f + VY! for each x -|0,f, | . 
Consider the function w{y,y) = U(x) + (y = @ix)) Qlx).- Clearly, 
"sy 2 Q'(x) while w (x, (*)) = U(x), w(x, 7 (x)) @ P(x), and 

wy (%, W{x)) © G(x). Henee the function v = u - w mst satisfy 

Vio = O'(x) + S(z,ys V+ weve +e 


XY x 
= v,(x, Y(x)) = v(x; ((x)) «= O, a problem of the type covered 


9 Yy > ae with v(x, Y (x)) 


by Theorem $e 

@) Nypothesis 4} of Theoram 4 is more restrictive than 
it need be. At isolated potnts of VY we may have a horizontal er 
vorticel tangent, provided that T does not cross the same char- 
acteristic more than ones. Por, under these conditions the in- 
yerse function V to Y will @éxiat ané be contimions for a11 
Pe Lost, | ‘ 


Our improvement of this theorem is ag follows: 
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¢)' f is partially Linvschitzian on ©, (as defined in Theorem 


4) 


—=> 5) There exists at least one function u(x,y) < CI(R), 
< <=, 
1. gueh that for each 


2 
(x,y) ce BR, the point (x,y; u(x,y)3 ua (x7) ui(ay)) e 8, and 


un (x,x) eC(R), where R: 
xy G9<y< 


Bytes) = f(x,y3 ulx,y)5 ull xyy), u_(xsy)), 
u(x, Y(x)) = u(x,  (x)) = me =z 0 


for each (x,7) & Re 


Outline ef proof. 
xe V(x) 
The path YT may also de® expressed as Ts 
C<yc i. where 


Vig) ear Lod, 1). Vty) £0 tor ge [of | U 4s the 
inverse function to Y. 


Ne may express the problem as the interral equation 


x Tv 
u(x,¥) = d ¥ f( gsusu_, u_) a 
(3.13 \ bent @(= ) Soll mis , 2 
therece 


y x 

a. P(e 40 paz sa 
ori 52) mammyles 
¥ 


vim SARS» iy 


fas »¥? Uz ayy )OE ° 
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= 
w T's i : : 
e, 
eho { 
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By WEIENSTHASS! theorez, there exists a sequence of poly- 
nomials {64% unifss on B. Be extend the domain of definition 
of f and the polynomials E, over B to B' by definition (2.1). 

We obtain again the constant L > 0 much that |g ,|< 1 in bt 
for all \. Moreover, for each &) the Tipsehitz condition 
(2.2) 19 satisfied. Thus, by Theorem 4, for each » there exists 
eunique solution «uu to the problem 


(3 4) © np 5 8) ere toe) ge La 
a) (1,9 (x)) = Wy x te Y (2) BU) ylks U(x)) 2 0 


That the sequences Sa N y $ i =, ° 5a nox ¢ ars 
uniformly vounced on R, anc thet the sequence jaye is equi- 


eontinnonue on KR is immediately evident from the equivalent inte- 


eral expressions 
x ¥ 
(3.5) ww, (xy) \ az | B, (5995 4, 3 ¥ 9 )a 
d ~)Vtry * Dorey? Sad 88 ca ag 7 


y * 
= \ oem yey a (Som, HD sx, 9 E 


. Mi , er 
(3-8) uu x mene) ,, tay (x, fh pa) gu N ro. » Am ; 


x 


{3.7} dq » er eF? Bw ty% (& o> =) > a | x yew’ es S 
Y 


Te now establish the equicontinmailty of Saye and of Len ° 
This Gone, the same argumenta aa those for the proof of Theorem 
la will serve to obtein a sudsequence Su i of bu »% whi ech 


eonverres uniformly to the solution ue 
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There is no loes in generality in restricting een” at 
point to the consideration of those polnts (x,y) < R , 1, 
@ (Q(x)eyef, 
Por we shall see that the arguments developed below will aprly 


O=<x <f, 
ae well for (x,y) e€ Ry? after a simple coordinate 


translation and rotation. Piva 1f we insure existence of a solue 


tion on Rw exiatence on R, is sim:ltaneously verified. Moreover, 


1 
the Cauchy initiel data insure that such integral surfacea have 
a firat order contact along VT and hence define an integral sur- 


face throughout all of F x Ry + Ree 


Given pointe (z he Pee (x, »¥,) é Poe it fe always possible 


. This being 


g? Jo 


to label these points in such a way that (%, »¥,) € K. 


done, we have that 
(BoB) |B) gl eFg) — 8) (Ror) | <= Ely | » 
(3.9) |e \ py *e"%o! ~ Wy ,y(%FQ)| < & |%, = X | ° 
Assuming, without loss, that y FY (4_) 2 G(R)» we have that 


ee out ced y 
(3.10) aN xl % oe?) ub xi %o7) *( eed aN (%52) 32) ab x), y? 


(x5) “Sy (my oye) yet yl a2 
Vi ‘ Ey (x, os!) 32) 5 By xe?» ry (24 
We operate on the first ‘saeena on the right han2 eide af 
(3.10) in the manner demonstrated in equation (2.20). We obtain a 
formola identical with (2.90) except that here the lower liwit 
of integration la y = (/ (x) insteac of y = 0. For brevity, we 


omit the formle. 
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C 


sinee 


p(x.) 
(3012) | 


tx " ¥ (x5 sham) Gh) pot) yd 1 | 
— 


2 b[Ylx,) = Yer) |, (sted) 

and since (p (x) 1s uniformly contimous on | 0,f, | » by the sane 
reasoning as before we arrive at the slight modification to 
Lemma 2, 


(Se12) | a nike”? - *) yey) | 


y . 
- x( (25) * roar DD salme) 11 a) HA 45 
from which, by Lemna l, 


k(y=- Y(xe)) 
(3012) \u \ x % ge) - v \ (Bye) <= (A +S )e 2 


The equicontinulty of Sa . ei is thug assured. 

The argument for the equicontimulty of iu wank i6 similar, 
hence Theorem 4a obtains. 

Remarks ¢) and d) to Theorem 4 apply as well to Theorem 4a. 
Suite obviously, if f ls eontimious, bounded and Lipechitsian 
(or partially tipsehitzian) on the infinite cylinder with eross 
section R, then hypothesis 3) of Theorem 4 (or 4a) is immediately 
satiaofied. In fact, this was the form of Theorem ¢ whioh was 
utilized in the proof of Theorem 4a. 

As previously mentionecé, the extension of Theorem 4 to systems 
of equations was first obteined, in principle, by Oo. RICCOLTTT! 
| 14 | « He was not, however, explicit atvont the domain of exist- 


ence of the solution. The following statement may be derived 
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frem the same arguments of E. KANKE | °([ pe 405 and pe 410 used 
es the basis for Theorem 4. 


1) £,(x,yY3 wy» 29m, ui Py eT Pp? @» coe. a,) < c(B*) 
O<x<f, 
m*s 
O<y¥c fh, 


{Zz = i; oe n)s 


2) Ths i, are Lirsehitzian on =", (ae defined in Theorem 2). 
3) uf, f,<% Kf, <b, i f,<%,. vhere 


Koes max 5 |f,| ose, ital ¢ on EB. 


O< €< Ly 
4) TV 4 wheres (0 (x) &€ e1(]0,f,1), (Q*(x) # Cc 
y¥ = G(x) 
for x <[O,f, | and (0) fa fo» Gtk,) 2 Oe 
==> 5) There exists one and only one set of fanctions Luyerre ota fs 
u, (x7) e@ Ct(R), We xy!%o¥) —_ G(R), (1 = 1,°°*,n), where 


O<2x<f, 

Rs » euch that for each (x,y) < F the point 
cayc f, 

(3,73 By (2075 Bay  %eF)s Us y(%e7)) co By and 

Ws cy 799) = fy (xs ¥8 ay(xey), Bs gy MeF)s Oy yl ker)» 

u, (x, Y(x)) = yg he V(x) 2 Uy y(%s (p(x)) = 0, 


(L += 1,°°°,n), for each (7,7) & Re 
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Pe may extend the argumerts in the proof of Theorem 4a to apply 
to systems of equations. The extension is practically identicel 
with the previous extension of Theorem la to Theorem da, except 
that now Theorem 5 is usec to satablisah exlatence and uniqueness 
of the solutions of the sys ter 


By pay 7 Ex) FFF O57 By) yar By) yyle (betes My 
(v\2 Ly 2y**)y 


umder the Cauchy initial corndéiitions. Ye obtain the following 


theorem: 


Theorem Se 
1) 
e)' the i, are partialiy Iinpsehitsien en f°, (ae defined in 
Theorem 3a). 


a There exists at least ome set of functions Corin a P 
a, (x,7) e C'(R), Oy gy *9¥) Ee C{K), (1 2 1,°**,n), where 
S9a2x<h, 


» @uch that for each (x,y) < R the point 
2 
(x,ys U,(Xe7)5 We lar) Wy y(*ey)) Ee RB, and 


Os xy *e¥) = £,(z5¥73 a, (xer)3 We (Red) s Ago iee¥))» 
ug (x, O(x)) = eq (Xs (0 (x)) 7 Os ym (O{x)}) 2 O, 
(1 2 1,°°°*, mn), for each (x,y7)c Re 
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Pewark c), with ohvious rodificatiom, and Remark ¢) to Theorem 
4 apply as well as to Theorems $ anc Sa. Moreover, in Theorer § 
(or 5a) we may eliminate hypothesis 3) by Cemanding that the £, 
be continuous, bounded ané ripschitzianm (or partially Lipsehitetar 
on the infinite cylinder with cross section He. 





CHAPTER IV 
Existence Theorems for Canonical 
fiyperdolic Pirst Order Systens 

in this chepter, and in Chapters 6 and 6 as weli, we shall not 
give explicit domains of definition for the functlons involved in 
the differential equations. As a consequence, existence will bve 
shown “in the small" only. He do this vecause our method of attack 
will not yield any improvement upon the domains of existence, no 
matter how large the domaine of definition are taken, provided the 
other hypotheses are not weakened. We shall elaborate on this 
pecullearity in the course of the exposition. 

Theorems 6 and 7 belowwre given vy Mo. CINQUINI-CIERARIO [12} 
pe 180 in the form stated. A statexzent under somewhat weaker 
bypotheses, but based on the same proof, may be found in R. 
COURAST-D. HILBENT [17] p. 324. We exazine the proof to show thet 
the arguments therein are independent of the uniqueness of the 
solutions to the oroblems involved. As a consequence, our re- 
sulte in Chapters ¢ and 3 apply and we arrive at the isproved 
statements given by Theorems 6a and 7a, where hypotiesis 2) of 
Theorems 6 and 7 is dropped altogether and the corresponding cone 


Clusions are altered to read "at least one". 


(i,m1,°°°,n), of arguments Re FoUjs*** su.» to be continuously dif- 


ferentiable with bounded derivatives in a certain domain D. Fure 


ther, we suppose the determinant 
(4.1) l@;,| #0 ind. 
Under these assumptions, the system 


n 
(402) A(x 3) ® ro Ps 


1k Uy (XeF)—es =O, (1=l,°*¢°¢,m<n) 


n 
B,(%y) = = Max Uy y (Roy) -6, = 0, (immed, °**,n) 
is called a canonical hyperbolic first order system. 


Theorem 6. (Characteristic initial value problem.) 
1) 


2) All first derivatives of the functions a ye (iok=21, coo, ry 


ik? © 
satisfy a Lipachits condition with respect to arsuments Uo? su, 


im De 
3) Uy(a) © C'(L0,%,]) 
V(x) E e*(L0ef, 1) (i=1,+**,n) 
U, (0) = V,(0) 
Moreover, for each Kk < (0,f,1. the point (4090 (2) "2 D 
and 
(4.3) S84 (%00% Be) 0" (x) - ©, (x5050 ,(x)) = 0, 


(im],°°°,m < n)3 


end, for aca ye (0, £. ), the point (0,y3 V(x) < D end 
(4.4) = 8456 FBV, (3) )¥8 (9) - 6,(Ooy8 Vi(y)) = 
(iemtl,°°°,n) 


16%) 0 °**sUn(X) Jo 





= 
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=> 4) There exists one and only one sat of funetions 
: ece | q ; ‘ | eee 
3 My. mat Uy (x,y) E G (By ), “4 xy E , Dh» (4 = he eRe 
where F - a <nhy » With O< n < 1 and V] suf “ielently 
O<y<Ue 


small, such that the set of functions setisfies the system (4.2) 





for each (x,v) € Ry end satisfies the conditions 
u, (x0) =U, (x) for xe\lo, {, | ace | 
@ 1,°°*,M)e 
u,(O,y) = V,(y) for 7 eo, f, | 
Thaorem Gas 
1) 
3) 


=>4)' There exists at least one set of functions, ste. (as in 





Theorem &). 


Theorem 7. (Cauchy probleme ) 


1) 

©) (as in Theorem 6.) 
x= x(T) ms 

s)oV 8 for Telo,il, x( 7) and x(Z) € o([6,1]) 
y = ¥{7) 


and strictly monotone, i.e., & # 0, $ £0 on[O,1|. 
U.0T) € c([o,r\), (1 = 1,°°*,M)e For each T €<[O,1\, the point 


(x€Z), ¥{0)3 U.(T)) | De 


G) There oxiats one end only one sot of functions )u,,°°°*,ul, 


u, (x59) Ee CUR +), (x,y) € c(R+), Ue 1,°°°,n), where EL, 


u 
i g KY 
ie @ sufflelently small neighborhood of the curve Y, such that 
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the set of functions satisfies the system (4.2) for each 
(x,y) oc R~ and satisfies the conditions 
u(x(T), 17 )) @ (7) for TelO,1l, (4 = 1,°°*,m). 


1) 
5) 
=> 6)’ There exista at iesast one est of functions etee (as in 
Theorem 7.) 
‘ha proofs ef these theorers are contained? in the followe 
ine argwmnent s 
Suppose we have a set of functions ju etee tf » either 
as a solution to the characteristic initial valne problem above on 
a Comain Ry » OF as & SOlution to the Cauchy problem above on a 


demain fi. « Then for either ease, 





n 3 G 
4 : e a = |e o &s% 
on = r 
yi 
oC, 
- 6 - ts 4 oo , & 

Ly ei dy k,y¥ * % (isi, me<n), 
(4.6) S = = o Mik 
(4.6 a, = & ie +- 7 : 2 

iy eet SH KexY ce | ek pe a - rx | keyg 


i 9X k=} D Uy k,x = O, (1 = mtl,e**, n)- 


Tquations (4.5) and (4.6) are mn linear alrebraie equations in the 
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n urknosns "a" Since the determinant of this system ja, | , 
Goes not variah over the domsin in quertion, we may solve the 


evster to obtain explicitly 


(4.7) u - s £, (x75 uy Osx? 8 | )> {4 = 1,°°**,H)e 


i. Se¥ 


Under hypothesis 1) alone, the f, are contimious and partlelly 


i 
Liosehitgian over any bounced domain in the 3n+ 2 Gisensional 
vy) “Space where (x,73 ude De If hypothesis 
ae 


(%y73 ba Ws ox? a 
the f, are "fully® Lipsehitgian over any such 


2) also apolies, 
domaine 

Consider Theoreme 6 and Gae The cheracteristic initial eondi- 
tions imposed therein, coupled with the system (4.7), form a 
problem of the type censicered in Theorems 3 and Sa, respeatively. 
(Chapter ©). We have shown above that any solution of a canoni«- 
cal hyperbolic system is also a solution of a particular system 
ef type (4-7). If we now demonstrate the converse for character- 
ietiec initial conditions, i.e. that any solution ef the derived 
syatem (4.7) is also a solvtion of the original aystem (4.2), then 
Theorems © and 6a follow directly from Theorems = and ta respece- 
tively. 

Suppose we have @ set of functions {uot sa ¢ asp a solution 
of (4.7) over a certain domain including the initial charecter- 
fatice.e. Fy (4-8) and (4.¢), which are merely alternative forns 


of (4.7), we haved 


ae reed cme 4 nmmmnme oe Bm me) yr AAR rea 
oe) clbedh eters nine Ge is eating Deake 42 (187 eoneep- 
et ie cele ee ee 
- os dew 

SATE BE se | MOY Wl Ane & Se oh Al 
re LAA) oF edt Oe heme © ave Ve) 


ae oy ies Viewer © eee ite) Oe Fb) Fe cae Otel 
ree Jb? & 





A, (xsy) = 0 , (2 = 2,°°°, = <Q) 
(4.8) 97 
By g(t) 20» (1 2 mslyee, a) 
» 
over this domaine. Tut, sy (4-2) ane (4.4) of hypothesis 3) to 


both Pheorems 6 and Ga, we have that 


Ay (59) e® » (2 @ ly***s @ < 8) 
B(Osy) =O ,» (1 = melye** 2), 


A, (x93) =@ 5, (hk w lge**y @ <),5 


3B, ix%sF) = 0 9 ({ 4 M+l,***, n}, 


throunebhout the domain. Heree the converse ts shown. 

For the Cauchy problem considered in Theorems 7 an? Ta, we 
observe first that we ean determine Be (xl Z), ¥(T)) and 
oF v(T)), (2 = 1,°°*,n), a8 functions continuovs for 
each Te [0,1| , solely from the preseription of u,(x(7), ¥iz)) 
= U,(T), (1 = 1,°%*,n), and the requirement thet the canonical 
hyperbolic system (4¢2) must be satisfied at each point of TY. 


Por, since + %° £0 along Y, we may write the strip conditions 


(4010) ‘, = p, 4 a,35 (Le 1,°°°,"), 
as one of 


Consider a particular rolpt Pe VT where y ¢ 0. Here we sedstitute 
e 1 < a * ¢ ee 
Gq = yy * (B, - p,&) into equations 8 (PF) = 0, (imm+l,°°*,n)- 


These, together with the eqriations A, (P) se O, (i © 1,°°*%, B<N), 


S = ——™ » ae 


ee ie eT meee 


. —-—s 

warns a Oe ye fie Ae OEE ‘ak is jp om 
wanes ame 4h dene Ta) mney vepettn © emiane 
7, Teer oho (0 eee ered tae - mAs au = 


sitio em fe ew Tl ee 1) ee ee eee « -—* 





Sl 


form a linear algebraic syatem in the Pp, = Oy xP) with deter~ 
winant (a, | 20. Ths the p, are un‘ quely éetermined et F, and, 
by (4.11), the q, 28 well are uniquely Getermined at P. If $= O 
at °, then & 4 0 there anc a similar argument applies utilizing 
» * : (@, - G,¥)- 

Thus we have, in effect, preseribed all three seta U,» Ms x? 


u, y? (£4 = 1,°°*,n), alone YT onee the 4, are prescribed along ie 
a 
anc the U, x ans he u, , are merely required to satisfy the 

» F 


strip conditions (4.10) and the canentcal hyperbolic aystem at 
(4.2) at each point of VT. 

Suppose we have a set of functions a 2°°"s a, § as @ 30lu- 
tion of 
(407) ww = £,(sF$ gs Ur x P| 


i, xy J 
neichdorhood of the initial curve YT ané taking, with their first 


al (2 4 Ly*°* ya) in @ 


derivatives, precisaly the above determined values at each point 
of T . ‘Then by (405) am’ (4.6), the fact that these functions 
and their first derivatives satiefy the canonical hyperbolic 
system (42) at oach point of w implies further that the system 
(4.2) corresponding to (4.7) ts satiefied everywhere in the 
nelehborhood in questione 

With hypothesis 2) imposed, system (4.7) and the initial data 
on \g satisfy the hypotheses of Theorem 5, while without hynothe- 
gio ©), systes (407) and the initial deta on ~ satiafy the 
hypotheses of Theorer See "Et since we nave shown above that each 


golution of (4.7) is a solution of the eorresponding canonical 
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hyperbolic syatem (4.2), we have that Theorem 7 is a consequence 
of Theorem 5, while Theorem 7a is a consequenes of Theorem 5a. 

In these four theorems we are unable to prescribe the domain 
of definition of the functions 

f, (2575 ay5 Pyed,)s (4 21,°°*, a), 
fn sneh a way as to insure existence of a solution throughout 
Rs ver yh « This is because the £, are contimous for 
O<yxcf, . 

all P, and ye (§ 2 1,°°*,m), wut may turn out to be bounded oniy 
when these variables sre restricted to finite domains. The fole- 
lowing exemple demonstrates why the existence of solutions can be 


found only “in the small”. 


“xample 3. Coneider the characteriatia initial value problem 


for the systen 


tm | 


a = = " uslrs 1) & Bs a, (Oey) =: 0 
,x7 = 0 ° U_(e,~1) 2 O, u(Ory) 2 0 
an RY 4 0 9 WC ape)) = 0, u(0,y¥) = Oe 


Sy quadratcres, we obtain the solution a, {x,y¥) 2 <% , waile 
Yn 2z**? Bs a 2 0, qaulte obviously. The f, corresponding to this 
provlem possese derivatives of all orders for all valees of all 
variables. Howrver, 1 - # vecomes unbounved as the aryuoment 
Uy x incresses iadefinitely in avsolute value. fe note thet, 


despite the specification of initial cata everywhere along the 
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intersecting eharacteriaties x sO antl y « -l, the first function 
{r the solution, namely Uy» has a Jdiscontinuity across the line 
y2% Hence this axample typifies those cases for which solu- 
tions exist "in the smell" orly. 

Se note that Remark 4) of Chapter I7I applies as well to 
hypothesis 5) of Theorems 7 and 7a. The statement is that 


xu x(z) 
vs} for Te[0,1\ neea only have x(7) ané 
y«#x y(t) 


yic)e e*((0,1(), monotone, and with xe 4 y= ¢ 0 at each point 
ef YT - In fact, the areument in the proof above applies directly 


to this statement. 





CHAPTER V. 
The Cauchy Preblem for F(x,y; “3 P,G3 Y,8,t) w Oo 


In this chapter we concern ourselves with the Cauchy problem for 
the general non-linear second order partial differential equation 
in the hyperbolic domaine Specifleally, the problem is to deter- 
mine an integral surface of the eguation 


(101) P(X,¥$ 23 PeQs ¥,a,t) = O 
auch that the hyperbolic condition 
(1.3) yoo 4 7, >0 


is satisfied thereon; moreover, the integral surface most have e 
second order contact with a given escond order etrip which is no- 
where a characteristic atripe 

In hig eslebrated paper [20 | » he LOWY successfully attacks this 
problem by reducing equation (1.1) to a system of first order par- 
tial differential equations for the unknowns x,y¥3 33 2,943 r,8,t 
as functions of the parateters » and [W- of the two families of 
characteristics om the integral surface in questione LEWY's 
existence proof for the system is based ona finite difference 
arcument. Howaver, the system {is of canonical hyperbolic form and 
the theorem of Me CING/I RI-CIGRARLO, Theorem 7 of Chapter IVY, is 
fmmecdiately aprlieable and insures existence and uniqueness of the 
solution in a anffictently small neighborhood of the initial strip. 
Yoreover, as demonstratec selow, Theorem 7a may ba used to effect 
an improvement on I. 7"Y's worke 


"a present similtereously °U9Y's original theorem and oar 
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improvement on it. LANY's theorem is obtained by omitting the 
perenthsses. Our theorem is obtainec by replacing the under- 


scored statements by the correspon€ing ones in the parerthesds. 





1) s*:Sxe x( 7) 
¥ 2 F(T) for Ze [o,1| is a nowhere character- 
usu(T) istic second oréer strip, 
re p( 7) 

q(T) 

=e r(7) 

a = s(7) 
t 2 t(7?) 
Le@e X,Y} US PpQs ¥,8,t(7) € C'(LO,1\), and for each Te [o,1(, 
i) Ke 45"? go, 
14) A, =P y,kir 


> 
8 


t 


tv) 0 = Pie( 7), x0 7 )e ul 7 )s pl 7) Qt 7) PIC )ye( 7) ,8(T)) 


=- 0. 


2) FPecotit(ec"}) ina esrtain nmeichdorhond of 3*. 


=) There exists one end only one (at least one) integrsel sure 
face J: u su(x,y) of the equation F(x,y; us p,qg r,8,¢) » O such 


that w(x,y) e c''' in a aenfficlently small reighborhood cf the 
“Zoe x(T). 

base curve YT ¢ f 
ya y(z) . 


I; u =< (x,y) has « second order contact with the strip 8“. 


YF | 


or CéL9,1 |, and such that 








7 bs | =~ _ 
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Eroot 

Fe first demonstrate that any solution of the above problea, 
together with its derivatives of the first and second orders, 
represents a solution of a particular canonical hyperbolic system 
under the game boundary conditions. 

We avsume that fF, ¢ 0 and FP, # 0 in the domaina consi¢ered in 
the following argument. This may be done without less of fener- 
ality. Yor, vy Sefinition la, a cheracteristie base curve mat 
satisfy 
1) mF - Pe h+ 8, 20, 


1.25 
ie S) £2+ 9? #0. 


Suppose at a point of a” that Py =O. Then x = O represents the 
vertical tancent taken by one of the characteristic base curves 
throuch the projection of this roint onte the xy plane. Con- 
versely, if one of the characteriatic baae curves through a point 
in the projection of 5° has a vertical tangent, then x « O there 


ané, consequentiy, © #2 CC et the corresponding point on 3”, Like=~ 


ew 
ab 


wise, *, = 0 if ané only if ¥ = 0, in the sense above. Thus, by a 


t 
suitable coordinate rotation in the xy plane, we may insure that 
> # 0 and *. ZC in a neighborhood of the point in question on 
¢*, Cranting that this {s a local property onlr and that the 
pertionlar rotation perforwed may introduce values of ", 2 0 or 
are - O at sous other enfficientiy Gistant points on o*, we ob- 
serve that this local property is suffiecelent beeause our oroof is 


ultimately based uper Theorems 4 and 4a of Chapter Iii. In those 
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theorema the integral equation statement of the problem made it 
plainly evident that the value of the integral at any point P 
depencecé only upon the portion of the initial curve cut off by 
the two characteristics intersecting at Pe Consequently, we may 
consider the ergoments belor as applying in sueceszion to small 


overlapring semments of s® 


» with ccordinate axes rotatec suitably 
for each segment considered. (See also BF. CYUNAFT - D. SILPNT 
[17| pe 383 and pe 3326) 
Lat us assume that we have an integral eurfaes J: ueu(x,y) 
satisfying the conditions oF elther Theorem 8 or Theorem Sa. Then 
by (1.25) we conclude that the relatec characteriatic bass curves 


are the two one-parameter families of curves determined by she 





equations 
(5.1) 7) pen Py a F] 
where 
P A eee, 
+ ¥ = ” 
(5.3) 12 tp. . 
J mated 
: _ “; 
f..0) 2 - ?. ~ ? 4") Pe 
= ZF, 


a and Fe are functions of the variables x,y; u3 p,q; r,#,t 
and P, £ P, in & neighborbood of s* by the hyperbolic condition 
(1.3). 


Consiéer the eoordina:es transformation 


x = x(r ) 
(55) . ” 


Y= WO Ay KI ° 





—e Se SSS, ©? *, @ 
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Tre Jacobian of this transformation, 


(5.6) aN ‘, rR. ok\ ~ {Py - Pa) .) ay 5 

Qoes mot vanish in a vicinity of the projection of s*. This fol- 
lows since ‘a : Pei while x) =O would, by (5.1), imply 

¥, = O, combradicting the requirement x? yr ZO, (aimillarly for 
* )- Hence the inverse transformation, 


a = (x,7) 
be Ae) ’ 


exists ina vieintty of the projection of s*. 


(5.7) 


Alone the characteristics on J: uen(x,y) certain additional 
equations must be satisfied. These are determined aa follows: 

etnee F c C'tt( € Ctt) and u Ee C'tt, we obtain by 
diffarentiation 


r = ? ~ oa 
r. 7, + . 1% . = tel x 


(0.4) - 
>> +t YF) 3. “ ap \ 
where 


cintlarly, 
r , 8 yr. toee r 


wiera 





tS Rn Ae DT: ttl 






_ a eae 
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ee _ P10 gt 
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eee 


(6.11) [Ply eve +7ott+ hat % - 


Since » te the parameter for one family ef characteristic 
curves and, consequently, is the path parameter along each of the 
eurves of the other family, the determi nant 


Fy Pr P, 

(5.12) 8 “ 5 
ZX, F¥, OC = pF ) - PL aN oN 72%) 2 O. 
0 x) vy) 


Hence the quantities on the richtehand side in eech of the syate=s 
(5.8) and (5.10) must be linearly dependent, 1.@ee in each system 
the angmented matrix of coefficients mist te of rank less than 


three. Consequentiy, 


% t% le 


*) 0 —) = 


(8.13) 

Beh) Fy) + My8y ey + Te | x%) Fe @ 
0 Y» 3) | 

Eeealling the aseumption mace without loss, 


x) ; 7) and 7) ¢ 0, equation (5.13) reduces to 
} Po 
(5014) rT) + oe ee rhe ye = 0. 


Likewise, fron (5.10) we obtain the linear dependence of the 


richt-hand terms in the form 
% ? 
(8.15) P*r* + ree + Tel, = O- 


Alone the curves of the other fanzily of characteristics the 


following relations must be satisfied. These are obtained ina 
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fashion completely amalegoms to that used in obtaining (5.14) and 


(5018): 

iL 
(5.16) Pp Put Pa "tat tle x, 20 
(5417) Po Ppt, + Pity, + LF 5 Mn #% 


Tr addition, the strip condi tions 


(1.2) GSeps+Qqy¥ 
Der & +a F7 

(1.9) , 
Sede led 


must be satisfied along any curve lying on J: usa(x,y). In 
particular, they must Se catisfied along any characteristic on Je 
Trom eqaations (5.1), (6.9),(5e14) throurh (5.17), (1.98) and 

(1.G) we obtain the followtne system of “characteristic equations" 
ie@- @qnationa which must be satiefied alone the characteristics 
on any integral surface J: 

Y, 27 , - fr % 28 

Gee ter, + bi “ee + Lei, died 

$3 = Pi Met, + Naty Rha oe 


ae <n a 
‘> A Bee ae Aan 
ve cae 


ey 
- ar Vc yf 
“- fe? - qs - pt : 


e imate if ’ ‘ : af 
a ? = 





61 
oe Vs* Pe *ptnt Pb + Ll» y,, #0 


(eortinred) Years. Oa, - 8%, = 90 —— 
5B 


Yas P, ~P%, 789, £0 
Ye os, “OR, > 8¥, ©® 
We observe that System A of (5.18) is of canonical hyperbolie 

form in z2,yY3 Us PG} P,8,t as functions of d anc 4 e Sinee for 
Theorem 8, F <¢ Cttt, while for Theorem Ga, © <e C'!t, the coeffici-~ 
ents of all ecvations in (5-18) are functions of cless Ct! for 
Theoram &, and of class C' for Theorem Sa. Zortover, the deter- 
minant of the matrix of coefcicients Por System A, ia, after 


interchange of rowa ané columns, 


~ Py 1 © €@€ast & & 

& oO Py at Q Q 0 0 

0 ¥ G Pri? an 3 ¢) 0 

(5.19) s o seir.o oo @ 90 

rp t 

@ 2 © 0 6 i 0 6) 

& * @ @ @ @ RL SB 

& & 0 Q 0 0 0 1 


where the coefficients desirnate’ only by asteriske, #, 40 not 

contribute to the raive of the determinant. JIince an # 0, r, ~ 0 
aac Px + Pe in a neighborhood of s*, the determinant (5.19) does 
not vanish thereine ence any solution J: vau(x,y) of the problem 


of Theorem S, torether with {ts first and second cerivatives, 


Sat 
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eh ee eee 


*? 


—) fF 686 


™ i Le owe 


Ts ln 


6° 

eatieties the hypothsses for Theorem 73 ‘ecause the requirement 
that Pe Cit! 4@ certainly sufficient to insure thet the first 
Gerivatives of the coef“ietants of Syatem A be Linechiteian with 
respsct to varteables x,vj -3 >,Q3 r,8,t. Moreover, the require- 
ment in Theores Ga that Pe Ct! Inewres that the coefficients of 
fyster. 4 are of class Cf, as demanded by Theorem Tae 

fn the Apes or characteristic, plane, the initial base curve 

has the parametric form 

YT: [dhe Atle), W(T)) for TeLo,1], 
pep (ao), xi z)) 
anc is nowhere parallei So eiSher the r or axes. Coneequently, 
ok may be expressed in ths non-parametric form 
x = Y Cp) 

where (ple C' and Gp) #O. if we introéuce )\' = »\ and 
pe = ~ &(p) as new characteriatic parameters, we observe that 
equations (5.19) remain unaltered in form. Hence we may asaume, 
withovt less, that the initial base curve Y hes the representa- 


tion 


in the dp plang. 
te now cemonstrate that any solution of System A satisfying 
the given Cauchy initial conditions is elso & solution of the 
problem of Theorems & an’ Sa. This done, Theorems © and Ge are 
immediate consequences of Meorems 7 and Ya, respectively. 
Pollowing Je mapawanp { 11| pe 504, we show that for each set of 


- 


Tunctions satisfying Lysatem 4 and the initial conditions on 
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p th = O, the System 5 is likewise savisfied. Hote that in this 
pert of the argueent we cannot admit that p,g,r,8 and t are de- 
rivatives of ue “his is now @ matter of proof. 

Differentiating F(x,ys ug peas F,8,t) vy x anc observing 
eqiations (5.19), we obtain 


(5.21) ~ = G+ Oot PiU, Py ly + FL Us 


Hence @ = 0 for each set of functione eatisfying System A. Howe 


dd 
ever, by hypothesis, F 2 0 along Ath z O. Thuas F = 0 throughout 
that region woere tne set of functions setisfr:ing Syatem A is de 


fined. This in turn lusplies that 


(beve) = Yee Yo eed yt PL Ve + gq =o turcaghout the 
same region. Sy hypothesis, Vn z O in this recion, hence 


(5.23) Vye-M% Yer PVs % Ye 


thereine 


"i 


Since Prfe = = we obtain from (5.18) by simple algebreic 
Yr 


operat fone 


p Pry 
(5.24) tee) Pi +8, 9 + i, 


Jy 
(ou) LEA Year a tay, +t 
Wi 2 re 
($026) KH 7) (Fl, = A wi. 3 
Fe i r 
y 
(5.27 ) i~ Lp ze. x + ¢ y + © 
omnis 3 , ] 
, ae \K 
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where 
(6.22) k= ats, (1, Bagh (rl, 


By Theorem 7 or Theorem 7a, the functions of the set satisfy- 
ing System A and the Ceuchy initial deta are continuouely differ- 
entiable and possess continuous mixed second derivatives. Thus 


we may perform the differentiations in tne following relations: 


(6.00) Vs. ~ We, “PP PB8s TO ~ BH) 
= Ur, - Uy = Vex, - Very 5 


(5.31) Vs 4 esp. "Fa, A FO - ©. F) - a ¥, 


by (5.24) and (5.25) above; 


(5.32) VPN - Yes ” x) +t, yy ey S,. ha toy 


by (5027) and (5.28) above. Bat System A is satisfied, hence 
(5.50), (5.31) and (5.32), by virtue of (5.25), reduce to 


(5.33) Ye, °F Ye) ” Ye) 
VY & > —_ 
Dey = Te Yue ty Yah Ver 


ad hope © 
Ya meat) pe mente ad gilad! Mee Leta iment 


St hes aye 
yd ph ta Sal a wo me 





In (5.335) all functions are known except Ye Y es Ve and 
their derivatives with respect to AN . Moreover, along A = + 
System B is satisfied, i.e. Y= Y= =0 for he -p. 

Por fixed je we may consider (5.53) as a homogeneous system of 
linear first order ordinary differential equations under homo- 
geneous onepoint boundary conditions. This system has the unique 
solution 

UA % Vs = Ve zx O 
throushout the resion of definition of the set of functions satis- 
fying System Ae By (523), Y. = 0 also, and the System B is 
shom to be dependent upon the System A in the sense above. 

From the functions x ® (No pds y = yl Asp) of the set 
satisfying System A, we way form the inverse functions \e \Oxpy), 
pe (ey) s since the Jacobian 
oat Bye, "EM SER Pee ®) Se 
does not vanish. Hence we may express the function u = a(A op) 
as a function of the independent varlebles x and y. 


We now need to show only that 


(5.54) peu, ay, r= Ue 75, OTT. 


throughout the above region to complete the proof. 
How GSS, 2M, - F, Ss 
2 “ ~ O 
V4 = myn: PE in Wn - a 
while the determinant of this linear system is the Jacobian (5.6) 


and hence does not vanish. Tmis there exists a unique solution. 
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Put p =U," ‘, obviously satisfies and hence represents the 


unique solution. 


Similarly, 


. 


hence Yr 
xy 


hence t = Moy and Ws =u ss. The proof is now complete. 





CHAPTER VI 
The Cheracteristic Initiel Value Problem for 


F(x,y3uj3p,Q3 r,8,t) « O. 


The whole idea of a characteristic initial value problem for 


the equation 
(1.1) F(x,y3 “3 p,g3 r,8,t) x O 


@ ppears paradoxical at first glance. In the Cauchy problem the 
prescribed initial date was sufficient to determine whether or not 
the projection of the initial curve was characteristic. In this 
problem, however, we merely prescribe two intersecting space 
eurves through which an integral surface of the equation (1.1) 
mist pass. Since the characteristics are, in general, dependent 
on the integral surface in question, it would appear impossible to 
determine, a priori, whether or not the prescribed initial curves 
have characteriatic projections. 

That such is not the case is demonstrated by HM. CINOVINI- 
CIPRARIO [13 |. in this paper she treata the characteristic 
initial valve problem as a special case of the more general CGour- 
sat problem, 1.@¢. where two arbitrary intersecting space curves 
are prescribed through which an integral surface of (1.1) met 
pass. Commencing on pe 220, she gives the necessary and suffi- 
cient conditions that these curves bs characteristic to any in- 
tegral surface passing throngh them. We call curves satisfying 


these conditions “intrinsically characteristie” curves. 
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In this chapter we examine her development, for the particular 
case of the characteristic initial valwe problem, up to the point 
where a modified form of the system of characteristic eqations 
($3.15) and the above necessary and sufficient conditions are ob- 
tained. There are two important ¢ifferences between her develop- 
ment anc that of He. LYRY giver in the preceding chapter. First, 
she transforms the initial curves into the coordinate axes. Since 
these curves are characteristic, this implies immediately that 
7.2 Oané *, = O at the orivin.e Thus many of the divisions per- 
formed in Chapter V are now invalidated. ecend, she is able to 
solve (1.1) explicitiy for 9s, obdtaining 

Bu 2(x,F¥3 US DeQs ryt) 
end tmis to reduce the mumber of equations in the system of char- 
acteristic equations by to. 

Se Go not follow the remainder of her existence proof, in which 
she reduces the system of characteristie sqiations to an integral 
equation form and then applies gsuceessive approximations to obtain 
the existenee of a unique solstion to the zaneral Goursat probles. 
Ineteac we deal directly with the special case of the character~ 
ietic initlal value problem by a method analogous to that of 
Chapter V. Such an approach is indicated by BM. CI NOVI NI-CISRARIO, 
herself, [a2 peiS0, footnote 8 She states, in effect, that the 
follewing Theorem 9 can be shown to be a consequence of Theorem 6, 
Chapter IV. We present this vreof in deteil and, in eddition, we 
extend 1% to apply to the derivation of Theorem 9a as a consequence 


of Theorem €a. The improvement odtained corresponds to that of 
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Chapter ¥ for the Cauchy probiem. Maemely, the requirement that 
PecCt!? is reduced to require merely that F ¢ C'! while the con- 
clusion is altered to reac "at least one solution” instead of "one 


and only ons solution’. 


The 9 
ae ? a -Fax<xy+5 : £,(x)eC(lay- 5 ox, +51) 
° 
3 2 ¥=s f, (x) Pylx) ect(|xy= F sxy +E) 
ue Py (x) 
‘an zefi(y) » folylec (yor, +1) 
ni ¥,-V< yar, +0 Polvie Ct y= hey, +ht) 
ue Ply) 


The point (x) »¥,) is the only point of intersection of ar and 
Ve and it is interior to both curvea. Woreover, By (xy) - Po (¥,) 
and ox fo" (y,) Zl. (ieee T, and V,, do not have a common 


tancent at the noint (x) o¥,)*) 


2) i y end i. are “intrinsically characteristic” in a neigh- 
borhoo? of their polnt of intersection, 1.6. they meet the neces-~ 
sary anc sufficient conditions, given below, thet they be cheraeter 


istic to any integral surfecs of 
(1.1) ?(x,93 U5 eG r,s,t) = 3) 


passing throuch them. &s we shall see delow, this hypothesis, 
together with hypothesis 1), tacitly implies thet at the intersec- 


tion point (x), yy, 4,) of vi" and - the values £,, Qy> Py» 54% 
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tL), the hyperbolic condition 


2 


54 
{e esetisfied, (notation: "a - Pa(* 0,3 Uys Py +4, 37) 58) >t, ) ete.) 


3) FP e@ctt! in a neighborhood of the point 
(X97, F Uys Pp oGzs Fy sSz 9%) )- 


=> 4) There exiate ons and only one integral surface J: (x,y) 
of ?(x,7$ UiP,as 7,8,t) = C, defined and of classe Ct?! in a suf- 
ficiently small neighborhoods of the peint (x,,7)) and passing 
throvegh subares of . and Ww intersecting at the point (X) oF y 90x 


Theoren Ga 
1) 
2) 
3)! Pec!! 4m @ neighborhood of the point 
(3909, F915 Py 0G FP) oy by) 
==> 4) There exists at least one integral surface ete. 


{as in Theorem 8). 


Proof of Theorems 9 and 9a 


Se first perform the cooréinate transformation 


taking Y) into the X axis, - into the ¥ axis and the point 


(x5 5) into the origin. This transformation is univalent in « 
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neighvorhood of (x, 5¥,) sinee the Jacobian 
~ t | g 
(6.2) 1 t (xf, (y,) # 0 
by hypothesis 1). CGesometrically, this means that “s and % do 


not have a common tancent at their point of intersection. 
Without loss, we may assume homogeneous initial conditions. 

Por, suppose we have an interral surface J: wan (x,y) of equation 

(1.1) passing through the ccrves - and ly Then oy the above 


transformation, considering (6.2), 
(6.3) u(x,y) # u(x(x,7), ¥(x,y)), 
ané hence fer any auch inievgral surfaos 


(6.4) By (x) = (ast, (x)) = u(x(x,f, (x), 0), 
ro(y) 2 ulf.(y)sy) = aC O,F(f,(y)s¥))- 


Letting . 
(605) wtk,¥) = wlk,y) = 2(x,0) = ul(C,y) + u(0,0), 


i 1 
(6.6) a ~ w,(%,0) - Wo (% 50) 2 0, 


end since, »y hypothesis 1), f., fo» Fr. and i e Ct, we obtain 


w(S,y7) © #5{9,7) = wi(9,7) = 0. 


i 


Toes we may reduce the problem to that of finding a function 
woe w(x,y) which vanishes on the coordinate axes in a vicinity of 
the origin and satisfies there the transformed form of equation 


(lel), 
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(607) 2(XFslw+els [e+e] ge [etal jos [wre ee 
Let el sp Iv+el] =) 
where 


(6.8) a(X,y) « 3(x,0) + u(0,7) - u(0,0). 


The function g ia known from the prescribded initial data. 
Por simplicity, we return to our original notation anc state 
the problem in this way: 
To Cetermine the function u « u(x,y) satisfying eqaation (1.1) 
and the initial conditions 
u(x,0) = u(O,y} e# G, 


where, in the :etation above, 


and 
(6.8) 2(0,0; G; 0,03 0,89) 2 0. 


By hypothesis 2), there exists a unique value s,, satisfying 
(6.9). 

The characterietic base eo rves and, a fortiori, the hyperbolic 
condition are invariant under the transformation (6.1). (See 
Re COUMAMT - De minent [17| pe [04-)  Uoreover, the substitution 
wW2xuae-g also preserves the invariance of the equation for the 
echearecteristic base curves and the hyperbolic condition as is 
easily seen by Gifferentiation of (6.7). Menee, by hypothesiea 2), 
we have the hypervolie condition 
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2 
(6.10) P -~ 48 Pp, >O0O 
a4 Yr, v6 , 


while the equation for the characteristic tase ourve directions at 
the origin is 


c 
(6.11) P. ay? - 7, axdy +P, ax = 0. 
© o O 

Hypothesis 2) implies that the coordinate axes must be char- 
acteristic base curves. Dy (6.11) and (6.10) thie in turn implies 
shat r. 2 Fe « 0, and hence that Ps # O. mt now the Implicit 

9) 3 o 

Panetion Theorem tells us that in the neighborhood of the point 
(O,03 03 0,0; 0, a 


in tne form 


o» ©) equation (1.1) ean be solvecé explicitly 


(6012) Bw L(X,y5 UF DaGt Pet) 
Under hypothesis 3) or 3)', the function f<¢ cit or ct ‘, respec- 
tively, ina neighborhood of this point. Boreover, 


- f 


(6.13) fp = fp =O and a, 


A .e 


while the hrperbolic condition becomes at the orisin 


(6014) L-4f, f, «1>0 
Oo Q 


ané the equation for the charaeteristic base curves becomes 
2 P34 
(6.15) f. cy” + éxdy + £,dx = 0. 


let vs assume that we have a particelar integral surface 
J: wu 2 u(x,y) passing through the ecordinate axes ir @ neighbor- 
hood of the origin, with u({s,y)4e@ C'!! in this neighdorhood.. 


a éGefine 
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@2f -2fF 
6.16 S lea et, SG afe 
( aa (a4 8, Ps a+s = , 


oe p and © being of class Ct! by hypothesis 3), or of clase 
G' by hypothesia 3)', in the variables x,yj "3 p,Q3 r,t ina 
meirehborhood of the point (0,0; 0; 0,0; 0,0). The two one-paran- 
eter families of chareoteristic base curves eorresponéine to J 
are this represanted by the equations 

(6.2% ) ¥) =P» 

(6.18) XA TF, * 

Bote that ©, 21, hence {& > O ine neighborhood of the origin, 
while Pe = Og = O- 

Ae in Chester VY, to odtain the cystem of characteristic equa-+ 
tions, we transform to the characteriatiec base curvea a8 cd- 
ordinates and consider what relations muat be satiefied along 
these coordinates for any civen integral surface J. In partie 
cclar, we specialize the transformation 


(6.19) REE re} 
¥Y # 7( > pd 


by stipuleting that ea lime >) = constant shall have x-intereert 
(\ ,0) anda Lime = constant shall have y-intercept (Opn )» 
with ) hes C at the ortgine The Jecobian of this transforme- 


tion, evaluated at ths oricin, hes the value 


220 = x. - ) =? ‘ 
(6 y "La be 7) o fe 7. o” . a Po 9! 5 ok 0, 


since if °) 2 O, then y, * QO by (6617), eontradicting the ree 
Co) ‘ 9) 
2 


*o 
quirement thet x“ i+yv*" ¢0O along any characteristic curves 
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Similarly, if y = 0, then x « O by (6618) and the contradic- 
tion is again se “yy 
Paralleling our development in Chapter V, we see that certein 
determinants mast vanish at each point of the integrel surface J, 
wielding equations which met bs satisfied elong the character-~ 
istics on J. We have 
t! -Ltl, f. 


(6.21 | x) ry oO | str) ¥ + £48) + [¢] x%%) 20 


where 


‘ f rf : 
(6.22) [fl at +fpt tf 


a 
also 
mir al 
f el. , 

23) s 4 e . 
(6-23 xy &) o 58) aN + fee) ou [¢ | g* 7) 2 O 

where 
(6-24) fl. cfr+rs +t a +f 

Gq 


Tliningting _ between oe: and (6.23), we obtain 


= "> 
(@.23) ft) x, * - f ty x Yd ae [tl ft X) ‘hte = 


[ft ( f.0,* 0 
yo" 3" 
By virtue of cefinitions (6.16) and equation (5.17), we may 


write (@.25) as 
Le) 
(@.28) a "ECA, p») & © 
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76 
where 


(8.27) BC dr» p) ero * - tte} UF a ciel, mye 


Ret, as shown above, x # O alonc any of the characteristic 
baes curves of J of the correaponmiing family, hence (6.26) reduces 
$O 

e fr 2 ° H Oe 
(6.28) . (Asp) = 


where f, 4 0 we have immediately that BC) pd = 0. Suppose 


at a partioular point of J that f, 2 OQ. Then by (6.16) and (6.17), 


t 
we have Shere that 
(6.29) pt, S #i, Taf, andy, 20. 
Thuis, at this point, by (6.84), 
(6.30) aN > $7 ) ~ (f r, +[el y*)3 


while by (5.22), 


, @or? "“, = 
(6.21) rc = £9 %) = f. (3) [ft | . )« 


d 

Substituting (Ge30) and (6.21) into (6.27), we obtein that 
where f, 2 © on J, Md sp) «Oe Hence by (028) BCA sn) =e 2 
everywhere on J and represents a reletion which muat be satistied 
alons each characteristic of the corresponding family on J. 

Yor the other family of characteristics on J, we have deter- 
minantsa corresponding to (6.21) and (8.22) which vanieh at each 
point of J. Eliminating we between these ant arguing in a 


fashion anaiocous to that above, we arrivo at the following rela- 
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tion which mist be satisfied along each characteristic of thie 
family on J: 


© =. * 
(6.32) KC dep) - 4 “e ™K + SMe, aes am I 2 O. 
Fe are now in a sosition to preseribe the necessary and suf} 


fietent conditions that the csoriinate aves be character! attics 


for amy integral surfaee of 
(6612) &ws $(x,¥3 Us PrGs r,t) 


passing through theme 
Surpose that, in a meishbornooed of the origin, the coordinate 
axes are characteristic to some interral surfaee J: usu(x,y) of 
(6.12) passines through thee. Then in terms of the characteristic 
base curves to J as coordinates, defined by the coordinate trans- 
formation (6.13), we have for pow O18 
Se r« yYy2°, uspered, ea Q(rv), tu M)), 


where, from (6.12), 


(6623) Ot() w £(A,03 03 0, G(A)3 G, TL A)), 
while, from H( Ae) ~ 0, since p= f,26, S #1 and 
Cz = t. 


(6.34) PICA) “S[rl, +f [ ¢ | ah 405 Os O, GC A)3 O,TC A))o 
¥Yoreover, 


(6.25 a(c) > T(Q) 3 oe 





Ache (ital ius ike edi 
ee Teh yt AS Rel Gwe hay Wo eet [ok ee 
oe ve” 
Ht Wee Ere ot noma? f8) oy giklde tt ? (ray, 

vem ovee 
He em (oe | Paw) 








73 

Fonations (€.23) and (6.34) represent a system of first order 
omilnary @ifferential equations under one point boundary condie 
tions (6655). Tha right hanc sides of the equations of this sra- 
tem are of class C'!' under hvpothesis 3), or of clase C' under 
hypothesis 3)', in the variables )\, Cand * Henee, in either 
case, the fanctions © and T are uniquely determined in a neigh= 
dorhoo¢ of \ 20. If the x axis is characteristic, these Sunee 


Zions oreth aise gatistr 
(6.36) £2405 Os 0, @{)3 O, T(}) = 0. 


ftzltarly, for ) = GO: 
ROM TS), oR OSES CMTE le Ow RM hte 
wheres, from (6.12), 
(6.37) ep) = (0,n 8 OF PL Ur) ,0E Rn) 50), 
while, from Cds) z 0, sines Os fe zx OC, C< 1 and Ps - fie 


(6658) Ry) -) [eli + % Le | r% (Osp 303 PC 908 RC )90)s 


Yoreover, 
(6.09) P(O) = 1@ 2 


Henes, if thea vr axis is characteriatic, the functions P and J, 
uniquely determined by (6-57), (6.23), and (6.38), moat also sat« 
isfy 


(6.40) £,(O vs 0; TU 1585 ECA) 59) = O. 
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To reeapitulate, the necessary condition that tne x axis be a 
characteristic of seme integral eirface is that the functions 2 
and T Getersined from the system (6.32) and (€.34), under boundary 
conditions (6.35), shall satisfy (€.3€) for each in « nelgnvor- 
hood of A= 2. The necessary coméition that the y axis be a 
eharacterietic of some intewral surface is that the furcticns P 
and F ceteratned from the system (6.77) and (6.25, uncer boundary 
conditions (6.33), sall satisfy (€-40) for each Veg in e neigh- 
sorhest of je = Oe 

We now show that these cor itions ere also sufficient, 1.@. 
given in the vicinity of the crigtin, an integral surface 


J: useul(z,y} of (6.12) passing throush the coordinate axes, with 


(6.41) Pi iy) " U(os¥), Py ty) x ary), @, Ox) m Ue(*,0), 
ane T, (=) # Us, (*s0), 
we sbow that the reqauiroment 
(6.40)" £,(O,y3 Of P,(¥),0; RL (¥),0) = © 
$s gufficitent thst the y axis be a characteristic on J. 
The areoment neetec to show that the requirement 


(2.70) % wae Sie: 3; Gy, (205 2, 2 f*)) = 6 


lea esorficient in order thet the x axis bs e character. stie on J 
is analogous to the following ané will not be given here. 
re peed show only that under requirement (6.40)', P,(y) = Ply) 


ans Hy (y) «e ify), where °(y) amd R(y) are those functions obtained 
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| we Pv veel wees © oe ches 9 et ‘eo? Ge 6! Awwbe dete oF 
or ary; we tee i/le Lar Sem rt em ey ee iew® a 
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preriovsly under the essumption thet the y-axie wes “intrinsically 
characteriatic™. 

Now P69) ~ B, (9) = @ sinee u(x,0)}) = O Woreover, sinee iL 
satiefles 


{6.19} s = f{x,y3 23 p,9; r,t), 


(G87) PL Cy) = P(Op75 03 Pyl¥)s OF Py (¥),0)- 


How, reealling that wc Cr!l, 


(6.42) esfiri+t, e+tl. 
6.42 s = tf. Ff r. § J e 
(6.42) yt fp ty t tt [fly 


Sinee u(S,7) = 6, we obtain t(Ss¥) sO. Friting r, (0,7) » «(z) 
and gutstituting (4.43) into (6.67) with zs =2« O, we obtain 


(6.44) 2 (O,y) « vr (C,7) 
» ¥ 


sf, wy) +f, ft, r +[f| at t tl, 
mat, u(0,y) = a (Cry) > yy(Ory) = 0, hence wy (6.44), 
(6.38) ' Ry (9) ‘lindy| ca tf, Le + £ ert Joo 0; 
“3 t y > 
P37) ,05 Ry ly) 9D) 


Fow sauation (6.37)' fa precisely the seme as (6.37), while 
requirement (6.40)' is sufficient to redece (€.638)' to (€.28). 
Mat this iaplies that P fy) z Ply) snd ky (y) = k(y) einee the 
solution of the sratem of ordinary differential equetiongs in 


question is unique. 
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in the foregoing arzgaments we have developed s proceture for 
determining whether cr not the initial curves are “intrinsically 
characterietie". Ey transformation (6.1) ané@ aubdatitution (6.5), 
wa retves the initial curves anG 4 to the coordinate axes. 


If now a. can be uniquely determined from (6.9) we may verify the 


© 
hyperbolie condition and ottain the characteristic directions at 
the oricin.e If these directions coincide with tne coordinete 
axes, then equation (1.1) can be solred explicltiy ‘tor (@.12). 
Yron this, the syetem (6.57) and (5.33) under boundary condition 
(6.29) can, in principle at least, be solved for functions P and 
He inmally if P and ER eatisfy (5.40) then the y axis is char- 
acteristic to any integral surface of the problem, i.e. "Intrinsi- 
cally echaracteristic®. Likewise, from the syatem (6.33) and 
(¢.34) under boundary cendition (6.55), the funetions 2 end FT can 
be determined. If theese eatisfy (6.36) then the x axis is 
“intrinsically cheracteriatic". Note that ~, f, % and T ere 
evicently of clags C!. 

Having ;iven nypothesis 2) s preeise meaning along with a pro- 
cedure for deterzining whether or not it is verified for a given 
protien, we contime with the proof under the reasumrtion that 
hypothecis °) 1s verified. 

Prom equations (6.17), (6.18), (€.27), (6.32) and the strip 
conditions we octain the followinme system of characteristio equa- 
tions, which must be satisfies alone the characteristics on any 


interral girface J: 
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Py =F) ~( ®) = 9 
Ge 2t,T = ty4 \t . ,-oTH,| x, #9 


Ya 24, - PX, - a7) * 

Yas P, ~ FF) - fy, 29 npgeas 
(6.45) Y_ =a, - fx) - ty, = 0 

Yy = x, _ v8. s 

Yoe™ ~P%tn (ca, lel, 

Ye ety, ~ - WY, = = C 

Yate =P =H ee ge 

Yee %p - he ~ Ie 2 0 


We observe that Syetem A of (6.45) is of eanonical hyperbvolie 
form in x,yF3 ws P,Gs r,t as functions of A and a e Sinee for 
Theorez 9, P € C''t, while for Theorem Ga, fF c C!!', the ecoeffici- 
ents of all equations in (6.45) are functions of class C'! for 
Theorem 9, and of class C! for Theorem Qa. oreover, the matrix 


of coefficients for System A is, after interchange of rots and 


columns, 
=p 1 O o 868 G 6) 
l <0 0 Q Q 0 
“—— ¢ 8 g®= 2 © O o 
fe) 1 =p" 3 ¢) 9) 
% t 0 6 1 0 0 
A 6 O 8) 1 0 
% # 0 O 9 0 1 


= (L= pT) (72p 81) 2 de 





< «= 
+ i 
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J] i‘. = 
— >, > ” \ 
> ~ - 
Es. - - 1 f 
«2 ve 
= - . > a ) 
7 ay ~~ aoe | 
/ = A ~~ “ia = .. 
; rv ys ~~? re é * 
_ - ell . - p a“ -_ = 
’ Ww st eer | ' ! ' 


ee ee 
. » @F' i+ ys 
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wheres the coceffictenta desicnated only by asterisks, #, do not 
contribats to the valee of the desemminant. mt S>0 everyehere 
on J in a neighborhesd af the origin, kenee the determtnant 
(&@.40) Goes not vanish thereon. 
he to the initial con@itious, we have, dy kypothesia 1) of 

Theorems 9 anc Sa Tor f= 0, 

eed ,F 29, AepereG, Ge Sr), tw TA), 
ent for )\ = G, 

ee Yous, taret =O, pe PUK), Pe Rp) 
where ©, Tand °,R are date:m not fro their reapactive systems 
and are of elaas Ct. “oreever, for jA® 3, by (6.36), f, 2 Oe 
Hence p 2 0, Gai, ami Ta-+f,. this together with 
7, = ry zu, Py 2 © am! equation (&.24) prove that 


(6647) Qa d50) @ Yoo As9) @ Gxl AsO) & V6 A590) = YA 0)20 


fer all )\ ins neighborhood of \2 0. Sixilarly, for A « 0, 
by (6.40), f, 2 0. Nencee Cs 0, S sland Ps-f,. This to- 
gather with % = = Bn = Ty = O an? egration (6.25) preve 


Shat 


(028) Pulp) = Yorn) e Yip) = Vine YotCrpe o 
for all ys in a neighborhoo2 of us O. ms the initial condition 
regairements of hys@thests 3) of Theorems €& and Ge are satiatied. 
Lines the eosfficienta in (Ce45) are of class C'! for Theorem 
», hypotheses 1) and @) of Theorem 6 ere satisfied. Also, since 


the coe ffielants in (Ge45) are of cleea C! for Theorem Ga, the 
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common hypothesis 1) of Theorema 6 and Ga is satisfied, = + 
hypothesis 2) of Theorem 6, a hypotheeia which fous not appear in 
Theoren Ga, is oot satisfiec. This if we now show that any solu- 
tiom ef the canonical hyperbtelic system, System A of (&.45), with 
the civen characterietic initial conditions 1s also a solution of 
the corresponding preblem for the equation 
(6.12) ae f(x,y3 us Pegg ¥,t) 

with the same initial con‘itions, shen Theorem 9 iz an i=umediate 
consequence of Theorem 6 and Theorem 9a is an iomsclats consequence 
Oo? Theorem Gae 

Ag in the Cauchy problem of Chapter 3, we show that fer sacb 
solution of System A under the csiven characteristie initial candle 
tione that System —£ is likewise emtisfied. Wate that kero we can 
not assume that o,4,r amd t are Gerivativee af ug this is a matter 
of proof. Eeealiine from Theorame € and 6a that the functions of 
the solution of Syatem A, x,¥,2sP,Gsr,t are of clase Ct and that 
fect!! umer hyposhesie I) of Theoren 9, or fe C!! unter 
hypothesis 37! of Yasorem Ge, we obtain by differentiation and 


consideration of (6.45) that 


(6.42) Ve. t 


eS Fy § Sa See 


Ge A 
Yak, +¥s%) - Cen ~ Vem » 


ts 


Koreover, since Uy . © U, =  . 2 O, 
6.55 f pon rf? 2 f ¢ x 4 
( 3) >) + s*) + ga + Fue) 4 r,t -_ ye x”) 
2 t) + re) + tte 7) +Ltl vy ’ 


wile 
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ie ee Ld he 
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ee 


6.71) f ce. + SV. + € + ¢ +@u,+Be +f 
ee OR Sle ee * nt , 


fmt tet. + Lela, + [tly 
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Thus by (6045), (6650) and (6-51), 


(8.5?) Vay - esp oT 7) 4 .v, 8, =, -f y,. 
275% We + 2g 54 Me Y 55 
+ Othe, - age Pa. Cys 
and 
ieee) Y.. Y - 8, 8 


ii 


Bap SENT TN De 
x s U +f V a ¥ WY 4 
AL BB { # qg ‘5s “uis¢g 
= 14+ a 1+§ 
{ye — )Ox, Y, + (<< +} or G a 
Taking into atcount the fact that System A is satisfied, we re- 


dace (6.49), (8.52) and? (6.52) to the srstes 
Ys.) yy VY, 
(¢.54) V ay em (8 V+ te Vert V,S 


Ys.) =*) 1 Yet tyY ath Y 5 


a 


ie | 


or fixed je » (Ge54) reorensents a asyntem of Lineer, homo- 
pengeous, first order ordinary differential aequetions for the fune= 


tions V V and ye of the variatle \ . Morsover, by (6.43), 
© 
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the iomegeneors Ghe point boundary conditions 


Y4(0, w) = Y (np) = Y (Cyn) = O 


must be satisfied. Henoe, the unique solution for the system 


(6054) Ls 
Ys as ,=0 


witreyer the solution of system A ls defined. 
comaidcer the linear alrebrale systen, 
Pye, - PR, - a7, 28 


Vg eB 7, OF, a. 


The @sterminans of tuls system, by (5.80), does mot vanish in 


(6.55) 


& ueiphborhend of the oriein, hemea in this nelehborhood there 
exists a unique solution for p amc ge Since p = a, enc as uy 
Seticsfy (6.53) they are the solution of (6.55) 


Sinllarly, from 
re ~ os 
(6.56) Ur, =P) roxy fF), 
=p =r « £ 
Ya =P ler don 
we outein revw 


while fren 


(G.57) UO 2 2 ~ fz) saab’ 


wo obtain the a@Gitional irformation that t e Ugye Conseecuertly, 
any solution of Syytewm A under the efven characteristic initial 


concitiong satisfies the eqrets 


- y@e gt = yh) ve 
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“2 = O(ky¥3 Bz a “S Woe? .,’ 


in a neighborhoné of the point (0,03 O; C,0; 0,C) and the preof 
of Theorems © and Se is now complete. 


Let es Cesignate the provlem coneidered in Theerses GF anc Ge 
as Problem -. Oy virtue of the expeasition ef Chapter iY and this 
present chapter, wa mey associate to this problem a partics:lar 
Trobien II, of the tyre considered itn Theorems 3 an? 3a of Chap- 
ter Iie Ag ve have shoen, any solution of I is & solution of Ii, 
ami, conversely, any sok:tion of II’ is a solztion of 1. Where 
for Il, ®e Citt, Theorem I telis wus that the solution of the re= 
latec Froblem If fea uniqie. Thence, se is stated in Theorem 9, 
the solution for I fe Likewise «miqne. If, however, for Freblen I, 
"ee tit only, taex Theorem fe tells us merely that the related 
Protdiem If has at Jeest one solstion. Nerecver, Dxeanple 1, Chape 
ter |i, telis vue thet thie solution cennet be shorn to be uniques 
Te mpuaet oot comeluce merely from the above that for f « Cit 
the solotion to Frobler I cannet be shown to be wnigque.e Ge can 
sey, thoorh, that any oroof for unfiquenses, if secch ean be mede 
at sli, will apparently have to be based uron arrunents independent 


of these of this paper. 
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Chapter VII 
The YWixed Boundary Value Problem 


for u_. = f(x,y us u 


xy x? ty) 


x 
In the tercinology of 7. mapawanxD|211[, appendix II, pe 45€, 
the mixed hyperbolie houndary valve problem fe one in which we 
preaeribe the vaizes of the integral surface along two lines 
isening froma point, one of whieh is characteristic to the sure 
face in question, while the other is newhere characteristic. 
J. HADAWAND, in the reference above, and ©. PICAnND|7|, pe18S, 


prove the existence of a unique solution to the linear eanation 


(7.1) Uy Ae, + Da +eu, 
a, 5 and ¢ continuore functions of x and y alone, satisfying the 


ingtial conditions 
(7.2) u(x,0) « u(x,2) w O- 


In Theorem 10, tslor, we extend their canclusionsa to the 


equation 


(7o3} Uyy = F(x,7e vs 4, 7,) 


maintaining initial conditions (7.2). The result {6 well knoen, 
but cosa not appear in the literatre in the precise form stated. 
fe requirs this precise statexent beeause ve wish to proceed from 
Thesrem 10 by the methods of Chapters IT and I1lf in which we ree 


lax the Lipschite cendition on the funetion £ to require merely 
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that ¢ be partially Lipschitgien. Thus we ebtain the improved 
statement of Theorem 10a. 


™:eorem 10 


y O<x<f 
1) f(m,ysi 2: PsG) € C(D), Re 
Q O<y<f 
“axu<a 
K, -“b< pad 
J “-baqer 
2) f is tAipschitesian on 5 (as defined in 
O ? x Theorem 1.) 


3) uw f2 a, © f< bd, where 
¥ 2 max |f| on 3 
4} There exists one an¢ only one function u(z,y) < 2'(R), 
<< 
u__(x,7) < C(R), where Ks » sueh that for each 
XY 3 O<y<f 
(x,y) ec PB, the point (x,73 u(%,97)3 a(xsy), uy {¥)) Ee B, and 
al = f(x,y; ulx,y)3 uifs,y), alse) De 
a{x,0) wz u(x,x) 2# O for each (x,7) Cc Re 
Proof 
This proof is based urem PICAPD's variation of the metho€ of 
Succ@ssive anproxzimations, [al Pe FAG or [7 | Pe 117. Zere the 
uniform convergence of the approxisating functione to the solution 
is verifiec by means of a majorant series. The mejorsnt series 


used its that obtainec from the acproximating functions converging 


uniformly to the solution for the particular linear equation 
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(7.4) ¥ = 2k (8 + 7 + “ 


with thn santa tnitial caniitiona. EK is the Lipsechitsz constant 
for the funetion f of (7.3). PICARD applied this technique to the 
characteristic initial value protblex, obtaining Theorem 1 of Chap- 
ter IJ. Re thus obtained the theorem for the characteristic initia 
value problem for the scon-linear equation (7.3) from the theoresz 
for the characteristic initial value problem for the linear eqia- 
tion (7elj)e 

Por the gsixed boundary value problem under consideration, a 
curious situation arises. fe do not odtain a majorant series from 
equation (7.4) uniter mixed initlsl conditions. HYorsver, we do 
find shat PICARYS,g saforant series for the eRMaracteriatie initial 
velus problem serves an well for this problem. Thus Theorem 10 
follcws not from the theorem for the mixec toundery valve problem 
“or the linear equation (7.1) tat from the theorem for the char~ 
acteristic initial valine problem for equation (7.1). 

TE is eufTiclert, as we shall Cemonstrate later, to show 
exigzence of a unigue solution in rerion Ret ae ° 

Gx yc x 

Assuming (x,¥) € Ree we =ay express the probles ag the intecral 


equation 
x ¥ 
7.8) u(x,y) | a3 ae: oD ; ef a,0%, 8" » 
ty cifferentlation, 
(708) wo (x,¥) a\ “etx 11 OF yi a1 
9 , F 


end 


er er * 18) Tete 
vt me 


“UM Wk Do IES) aN be eval dae 
a nld eee Le 


e V i i . pain, |e iVot! 4 rAert 
Aen 





$1 
x y 
(7.7) a, Sor! “\ Fe Us Us, oF ati -\ Zets5h pagu, ual 


Wo form the auecesaive acnrorizations 
7 
w, (x,7) | as\" 2(e 4) 5 Os 0,0) ah 
u(y) ~ (Fete, eV] 3 $M,3 a) Y» my yt” 
x y e 
a(x.) =| a5 \ tte “13 Bey? “nelex? “1991 


. 
° 


where, by Cifferentiation, 


y 
(769) a) (xy) =| flrell a Sant? “pete? “nar,y!*" 
(fn = 1,#,°"*). 


mae 
(7.13) ld <\ aes oy Uy? Bee? »x?* es Oe ad 


~\"e¢y 3 er PE od hen 
(n = LpSete es de 


Einee the point (x,y; 0; 0,0) e 8 for (x,y) € Ro, by hypothesis 
3), 
we] 
\ulx.y)| < # wi \*lyl<e Pace, 
he ee ae Luscrd, 
| Oy oF) | <& so: -¥\+ ivi 
=e M\x| <" f<b 


Thas, by induction, for all n and for any (x,¥) € R 
\a_(x,9)| < uf” < a, 
(7611) 4 la, surdloml < v, 
<4 > 
a, (Ror) |< mf <b 


2 


Ye ee ee | 
aw? ely» 
2 Waltewaall - en 
as Vilna] | 





Oar purpose is to show that on _ 


(7.12) \™ Ys a tk and ) ayy a 


g@ieh that the fumetion wu and its ¢erivatives satisfy conclivsion 


4) for (x,7) <5, Te vecomplizh this we consider she succaseive 


approxima tions 
a ¥ 
¥,(x,9) s i \? x al 
(x7) = +t oe, * yt Sa L 
(7.18) ; "ar ( “e : 
wi (ss¥) = |. ‘S ast + Spetgee + “neayy’! 
. : 


shore, oy differentiation, 


5 
Te . 
(‘7el4) Wn *oF) = \, | Wed + Fowl yx % "hey | ~ yah . 
{R =z i,#°""), 


A 
aay Heer o \ of | Wray + “neta t “y21,y (Eevee , 
(n al 1,8,°°*)- 


Eere Ms max | #| on FE while Kis the Lipechits econstent of 
hypothtele 2). 
Yow w, (x,¥) a Mxv, hence ©, (xe¥) © W,(y,x)- Moreover, 


Wx ( 8) 2 “7, Wy yey) 2 Ux, hence ¥, ax ited) =; . ~(Fex)o 


let us make the imjoctive hypothesis that for some fixed 
poeitive interer n, 


? — , f % 
(7.18) v (x67) *; wf ot) 5 Wg (Fey) aM lyexk)- 





- eal 
ee lal Ss tortion 





ae v4 
, > lista ee re) fb ae 
erat ot 





Se sae ere OF Lemme!” Met 28 © od See & 7 us t.t. | 
ol” Were ree 
“tet ) f= ive rad ez soe = lel oe 


of - — : =. °-« 
ie ; Ta » oe @& it ‘ @ eT @ ed al 


- S ae 


om, oun | Spear ty a 


wre wD ms — + fea 
e * —) £. nt _ 


eieaea™ »* '? .s . yi AL 






oz 
Bat this feplies that 
(717) [wy + e+ "yl (er) s Let w+ yy | (oem) 
and this, by (7-12), 
Wop itor) = Wy (hex). 


Also, by (7214) and (7.15), (7-17) implies thet 
¥ 
lb - \ " Ll, +e + "7 (x, 0 ) a ] 
= \ an Le. +f. + | (5 ,x)@ & 


. “aay 


Hence, by iméevetion, (7e18) holds for n - 1,2,°°*>s 
PICAND, in the references gueted above, shows that 
oD 

(7.18) =. *. WW, of eV, = "ny a ¥y? 
each uniformly convergent on Kk, ehere the function w and its 
derivatives satisfy 

"y ® Eiw tw + Wy )» 
craig) “a ; ad 

w{x,0) = #{G,7) «x ~4 
#e now show that these series ars majorant to the seriss 


8 8 


a = & 


by Ze Uy, 


@ 
(7629) = (ue 2 


respectively, for sach (x,y) © Ros (eith vy = 0). 
Now, for (x,y) < fe, 


¥ y ? iid 
| wy (2,7 \<\ 48 ( eo 5 0; 0,0)! ale\ (ott me!) = ¥, (xp) 


\y ser )\<(" | F(x, 1) 1059,0)| a<(? Ha = w, x (790) 





. ge tatecr) 
a Fikae wel 
cate OM oe Fare am mae esas went Tale em me at 

ee 

A ot Reh ah © eh Maat Wt aR aAmee 
| 

Prone aye ae ae lisa 4 aoe V ohne 

Weal, ge rem 12pm ietemy Penne | | Lelia, a) 


a4 

| LAS | £¢ 03 0,0)! dc4 ltr, s030,0)! @) 
ay gl) < | | S 0F3 3 Uy ‘ 0 oN ad J 

¥ y 

ud “a 
<\, g+\) t 
x 
= ud = , )e 
2) Maes my (09 


Aleo, adbrevi — our notetion somewhat, 


\u = ni < <\"as | | eee ol) 3 a, 3 Ox? My’ 
“f(z pl!) 3 07 0,0)| 4! 


<\ "a 7 E| || om Wy alt |*y | (E5 dah 


x y 
< ‘i a \™, + > 4g "5 { bed je D 


\ ¥ A 1 ® s “7 ine 0 bah 


x | 
P27 | <\. Bf m+ Ht My | (Savas 


y 
|" |, + *, x + "ar (Fe! )d / 
x 
s\" \*, + *, 5 (<4¥) ae 


; 
+\ elm +e +My CE ova s 
x 
= \ - L¥y + 2+ *, oy | (< eyez 


= ¥¢,y° 


Henee, vy induction, we odtein for me i1,f,°*** 


| ee | = - 

ha Brod, = "n? gx wel gat < hp * 
7.2) ‘ 12 ls w for mach (x c Gis 
Sates \®n,y n=1,¥ ,= gy (x57) 2 
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Yois the series of (Tel) are majorant te the correspording series 
of (7-80). Vorsover, the requirements for termxise differerntia-~- 
tion of an infialte pum are satiaflied sinee even of the series of 
{7.70) is nov known to te uniforaly eenvergaent on As Henee, for 
(xs¥) € Po 


~ 
=, fw) e8 
a, 


(7e22} = Se ie oe 2 * 


Lee) 
mai Mee edgy? * My 


or, in other terms, aince each of these series —- 


(7o22)* \" 7 } a = tus 5 5 Ste, 


Po. 
ne 


We now verify that the funmetion «uw ané ite terivatives .. and 


o onaneee the Lutecrale qiation gtatewent of the problem (72%): 
x 7 
ul(x,y} - \ a ( o 8 s] FA Use )e A 
a ¥ 
< | elzsy) = a (x97) +( 25\ Jets a papa ot) 
reais eS Oe ee 
< | Bley) - a,f2,9)| 


«\ ic \ | iy |+ |B a | + |wy - 
Ser y| [fF 00 ee 





© seu aA st ee —- 
eee eaeneeas 


fee ie fe dl 7a] we 
Kgengeet fe at 2) Lew pm eneetn) > 


[1 
a ee fe 





. ' 7 > 
i kd) el Ds Sir 


Yee Ys ahi tes tel™ 


Thus, by (7.22)', given €> 0, there exists a positive integer NW, 
depending on < alone, euch that n> => 


|u(x,y) - jae { cee oD 3s us wou dat |<e (aeant®), 


for (x,y) € Rs But € is arbitrery, hence the integral equation 
is satisfied. 

By (7.11) and (7.22)' we see that for any (x,y) € Ro» the 
point (x,ys u(x,y)s ul (x,y), wy (x,9)) € Be Thus existence of a 
solution on x. is now proved. 

To prove uniqueness, let us suppose that uy and a, are two 


Solutions on Ros then 


Wy (x,y)-u, (x,¥)| <\" “az |? }ez 0s u y> “1,x° a a 


(7.24) "afl, 0s Ws Ug, xe u,, yl al 
a y 
«\ 4 \ oa ayaa | . 11,272, 2 , y,y~2, y1} 
(Dav, 


| y 
My altoP ty, x(x0y)|<| "| Ce) bys YB) |) 


(7025) “f(x,)] s uys Bs x?%p, y) | aly 


7 
\ ty . I". 0742, x | ad [My yy) 1% 2 yah, 


I 


x 
| ay ylxry aay (x07) < | fF o¥s Uys Wy, xe¥q, y) 
y 
(7.26) “fe s¥3 Uys Ue, zotg,y) | az 


y 
a \ (f(y) 3 Uys Up, x4, y) 
“(3,1 ; a" Ux ) |) 


ot Fall hare faaraet * ele 
OL er teal) aity Ah gl tthe | 
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et V (x,y) = {|u-u,| + Mya Meyal + 1M tp | Maen) 
O< a< f* 
O= y= x 


ae “as 


With mer} Se Pee 


W (x,y) ~ C(R*). Soreover, there exists a point (x*,y”*) € R’ such 
that V (x, y*) = Where = wax U (x,y) on Rs. Gut, adding 
(7.24), (7-25) and (7.26) we obtain 
Y (xy)< K pAtxeay + y + (x7) + y$ 
=" uw , +x+y) 
= ae = . 


hence y (x#, y*) = Mh cee which — * * O and thus 


(7.27) u, (x7) = w(x, 9) 
for (x,y) < Ke 
a 


To eatend this untqueness proof to 
the comain Rye we subdivide Re us 
shown in the diacrem. We know that 


the solution wu ta unique on Ks md 





hence deterwines u(f",y) for 
oO x ag xy * O- yk ff. 
But u(x,0) = 0 by hypothesis, consequently, by Theorem 1, Chapter 


It, we have @ unique solution wu, to the chaeracteriaetic initial 


1 
value probler om sub-region 1. Since wu (",0) oa ty (09), Be 
have from the differential equation that a fey) ad 4), pkey) 
for O< y <f", i.e. u and u, have e first order contact ecrose 
the line x = {* and hence together represent a unique solution 


for the region Rs + 1. Analogously, by the preceding "in the 





= tye NS aon af quigeowtiin <0 exteem coany 
Oe al . 1 > eee calc Lolmweeeettts eas wed oon 
ee el eee eee Ae tee pe ie eet SS ot 
= eke ela 6 Oth ese eet cee “Lee eel 

= a” gehhte— GF gi si bomueiiow =f tl oe ler ae wei 


ves) 
swall” uniqueness proof for the mixed doundary value problem, the 
OINTED 4, is unigue in sub-region 2 anc nas e first order contact 
“ith u, ecross the line y = {'. We continue obtaining uniqe solu- 
tions for cheracteristic initisl value and mixed initial value 
prodlems, alternatively as indicated by the numerical sequence in 
the dilacrar. These solutions have first order contacts with each 
other across the cleracteristics forming the boundaries of the sub- 
regions, hence we have extended our uniqueness proof from the 
region Re to the region Roe 
Having thus determined the existence of a unique solution 


satisfying conclusion 4) throughout £., we now consider the Cauchy 


problem for reszion _" with the same i FS and hypotheses thereon 
and with the initial conditions 
wo(x,x) = 0, u%{x,x) @ U,(%o%)_ and 
0) auP(x,x} 2 > x) forxe [30,f} 
y By s okie 
In (7.28) .. end * are the rizght-nand x ang lower y de- 
rivetivas, respectively, determined at each point of the line 
y @ x oy the known solution u on R.° By Theorem 4, Chapter [If, 
there exists a unique solution u° to this Cauchy problem for each 


(x,y) < Rys hence 


a,(xsy) = _— for (xyz)e R, 


a(x,y) for (z%,7j € A, 


is the unique solution valid for each (x,y)< % = Rh, + K_, since 
& 


1 
By anc u nave, by prescription, a first order contect across the 


line y = x. This completes the proof of Theorem 10. 
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Relexing only hypothesis 2) of Theorem 10, we obtain the 
following improvements 


Theorem 10u 
1) 
2)* £ is partially Lipschitsian on B (ae defined in Theorem 
la.) 
3) 
——4 4)' There exists at least one function, eto. {as in Theorem 
10.) 


Satline of the proof: 
4s in the proof of Theorem 10, we may, without loes, prove 


existence on KR. only. For, preseribing Cauchy conditions on y 3 x 


ved 


as before, we may extend the solution from %. to Re by use of 


2 
Theorem 4a, Cnapter Lil. 

In this proof we follow very closely the derivation of Theorem 
la, Chapter IIs hence -nly the differences cetween the two proofa 
will be noted. 

#SIBNSTRASL® theorem tells us that there exists a sequence of 
polynomials, \ 4 » conversing ualformly to f on B. Be eatend 


the g¢, » {A *@ 1,2,°*°), and f froz B to 


O< + <S 
Be = ; = 
-“D< u— 
“O- pe @ oy defimitions anslosous to (2.1). There 


-m-qQ< ® 


exists 


/@ constent L> 0 sch that | 6, \< L in &' and for all \ . More- 


Sndiebes 
uate Sestieal-oraies 
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eee 
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*ome 
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over, the By ere "fully" Lipschitzian in B'. Hence by Theorem 
10, (with a->@m, b->@®), for each E> there exists a unique 


function u, such that for (x,y) < R, 


x y 
met 8) =\ as \ 76, (Eat PUM) oy lal » 


and thus 
y 
(7.30) *) “\ ey (x, h 3 Us By ety yal > 


Xx 
(7.351) my ae =\ "6 (g avs \ 5 my 9x? * gts 


4 ee 
Sor (x,y) = Ro» by (7.29), (7220) and (7231), 
luy (xy) | <2 f- 
9 < L N= lp, *°* 
(7.32) \Shytertl = Be . 
| ay y(%e9) |< 2b § (xey) + y¢ 


<Lf 
1e¢@e the sequences Su hs oer and vers are uniformly 


bounded on as 

Given two points, (Xy5¥,) E Ros (X50Fy) Ee Ro» we may essume, 
without loss, that Xy <& Koo Then, if ¥,< Jo» let us assume that 
¥,< aN Then by integrating over the regions a, b and ¢ in 


J 
S 


diacram {A) we odtain 


(A) 





; »- > 
& ® 
, 
We a 
. v) = f = ee 
a _ 
os . ' 
7 . '’ ; . 
> . ee */*. .} iead . 
we. | a "4 -— in e hi lk . => 








cieh ni * | 
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— | wy, (X,07,)-4 , (x¥,)\< L} M(x,=x,) > 2f(to-3,) ¢ e 
if I, 7 ‘, we may always choose 


a point (x07,) eith y,< x.< x, 


<J- <x, (as in diacram(. 





(B) and y 


1 
Then, a8 above, 


al 


O x 


Adding, we obtain (7.55). Furtrmer if yy, > Yo» we have the case 
d shown in diagram (C). Here by 
integrating over the resions 
ad, e and f we again obtain 
(7.53). Hence the eequence 


Jay § fs equicontinuous on Rye 





Now, for (x5 ¥,,) é Kg» (x7, ) é Ru» vy (7-359) 


(7.54) | u FF i ie gi%3,)|< L\y¥,-y, | 


Likewise, for (x9) Ee R (x, 29) ER, by (7-31) 


2” 2 


(7.355) \ay jy (%gev) - ay (%e7)| < Ulxg- %,| - 


Moreover, by precisely the same arsument as thet used to prove 
Lemma 2 of Chapter II, civen pro 5 >O0, there exist > 0, 
H>0O, depending only on a and & , respectively, such thet for 
(Xo07) = Roe (x) 29) Ee Ko» 

\ > and | X, - x,126 


WVSCe at Pome toe om pnend mtg Yo Aone 
A<k we oat oS WOU MAS oki vllvuaie Be 2 cee 
VE OR) cee elm ibe . = Pee lee pele he b 
se es 2 (yee 

4 oo) eee Sf 
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(7636) \uy s(xyey) - a) (ayo¥)| 
ths ai \u , -x'%pe 2 )- By 4 *2? yah a +o. 
Tims by (0734), (7.36) and Lemna 1, Chapter II, the sequence 
Tern is equicontinuous on Rae 
We need the following refinement of the argument in order to 
shew that the sequence Su ¢ {s equicontinuous on K_: 
Noy , 2 


Let us suppose (xs¥,) ER (xs, ) E Rye Without loss, 


2° 
we may assume that x 230 Z Vy Then 


> sy tr Fe! - By py %Fy? 
x 
=| Cg, (¢€ oF,54 9 u yx?" ray 8 yf F oFys4 y eu xe) yas 


z 
(737) -\" 


aoe YF UVF A) Loa, LAE 


71 
\, C6) (¥ge'] 5M) 54 x08) glob (¥qeYoa su), ot), 9) 187 


Jz 


We have just proved that the sequences Su Ni and Sa done 


are equicontinuous on F The sequence B» la certainly eq ie 


2° 
continuous on E'. Hence, considering (7.55), given /A>O, there 


exists Ce O, depending upon ta elone, such that ¥or3} Pea < 
‘ | ; = 
(7498)| | Ley (¥ ges "6 Uy, x94),y) 9S) (Fpols Bye) x? ay) Jay | “hs 


x. 
(74900|\ | C6 (54h Sotelo gal ote) Uy ylSeIe)) 
-E) (FoF su OF oF) 82) xl FoF 7) oY) yl Feg.)) Jaz |< Me 
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for = 1,2,°°*%. 
Also since { unif : . ; | 
1lso, &\\—> £ on BY, given S>0, there exists N > 0, 
depending wpon S alone, such that > & 
=> 
x 
(neao)|\\ te, - EV(S 59 su (So¥y 8B), gfFoT, eB, (FoF, IIS | rele S , 
x 
\\ (fag Soy 4, (Foy ow (Soyo, y(Soy Dag \<S. 
Vo men 


By hypothesis 2)', 


x 
(7-41)\\ CECE oy bA (So Fq 184), (6 oF, 04, y(Se¥y)) 


Te 
f(r eau (Soop )sBy yl FoFy)s (557, ) as | 


wA2, 
x 
<\¥ K\u,y(Eog) - Wa, y(Foy, D185 « 


®oreover, since ls, \< le (\1,2,°°°), 
ae 
(7.4) \ 6, (Fo¥26¥ 5), go, ys |< L \¥grF, | 
74 
2 
\. (Fels 3 ay, 220), ydaly | < L |¥,-9y| - 
t 
Thus by equations (7.37) through (7.41), given W470, 5 >0, 


there exists S>0, ¥ >0, depending only apen 1 and > , re- 
spectively, such that | Fp “7, lz § end A>N 





=> 


(7245) |W y(Xe7Q) ol Wy y(Re7y) | 


x 
7 e\ |W), yFo¥Q) y 4g My) a 


By Lemma 1, Chapter II, inequalities (7.35) and (7.43) imply 


that the sequence Ju ys is equicontinuous on R, 
From this point on the proof is practically identical with 
that for Theorem la. Cince the sequences fant. Laerk: and 
Su = are uniformly bounded and equicontinuous on Ros we may 
apply ARZELA's theorem to obtain a subsequence of each, uniformly 
conver gent on Ree Henee, as for Theorem la, by successive extrac- 
tions of subsequences we obtain & subsequence Su® ¢ of Fu 


converging uniformly on R. to a solution a of the integral 


z 
equation 


x y 
u(X,y) =| a3 { “stgshs us usual , 


and such that for (x,y) € Ro 
(x,ys al(x,7)3 u(x)» wimp) e RB. The proof for Theorem 10a 
iz now comple te. 

Following E. PiCakD [7] pe 135 and pe. 129, we show that the 
general statement of the mixed boundary cenditions, (1.e. where u 
ls prescribed along two intersecting curves, one characteristic 
end the other nowhere characteristic), can be reduced to the 
stal.ement found in Theorems 10 and 10a, (ieee where u(x,0) = 
u(x,x) = 0 for x «[{0,f}). 


Pirst, let us suppose timt we preseribe 






ae 


ort 3 
ion 
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Ners = 0 (x) 
(7244) 
u(x,x) = W (x) 
for xel0,f], G(x) ana V(x) €c'[0,f]) ena Yo) = V(0). 
‘Consider 


(7.45) w(x,y) = U(x) + V(y) - Oly) 


Be have w | z Oonk while 

_ wix,0) = W (x) 

a. = WV (x) 

for x< [0,f]). Hence, instead of the problem with non-homogeneous 


(7.46) 


boundary conditions (7.44), by setting 
(7.47) veu-w 
we mey consider the problem 
— =z f(x,yg vit wy +... + We *. + ¥,) 


(7.43) Uv (x,0) =a 0 


v(x,x) = 0, 
@ problem ef the type covered ty Theorewa 10 and 10e. 


second, suppose we prescribe ui along the eharacterietic 
y = 0 and the nowhere characteristic curve y = F(x), where 
F(x) € c(o.f,}), F'(x) # O for xel0sf,] and 7(0) = 0, 


Tne coordinate transformation 


x = F(x) 
(7249) 
7 * 7 
reduces the curve y = F(x) to the diayonal y = x since the ia- 


verse gol exists and is of class C' on [0, P(L,)}- Moreover, 


(7250) Way =z P(x) “oe 


ner . - tae 


el em 
Zee teres os oe re —- emer 
Pow ofl tre wl - | Y 
-— Vee ww « : ono oorr 
ae 
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Sinee F'(x) # 0, the form of the differential equation re- 
maing unchanged and we reduce the problem to one with initial con- 
ditions in the form (7.44). 

Thus the general stetement of the wixed boundary value problem 
for 


(7.3) — = f(x,y; uj “4,) 


ean be reduced to the form treeted in Theorems 10 and 10a. fe 
note that whatever continuity and Lipschitz conditions are satis- 
fied by (7.3) before transformation (7.49) and substitution (7.47) 


are satisfied as well after the ge operations are performed. 
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CHAPTOR VirTzr 
EXTSTERCE PTHESORSER BASED OF TRE 
CONCEPT OF UPPER AND LOWER BOU RPI PU CTI ONS 
per the ordinary ¢ifferent{sl equstion y' = f(x,y) eith 
y(x) = Yo» CS. PEPROK (ral, assuming f merely continuous, civee 
an existenee proof shst ts antirely inderendent o the classical 
proofs and contains them as apecial ceases. Ye bases his proof 
on the coneenpt of under and over functions, defining (x) to 
be an under frretion 1f (x5) = ¥p ant 


(8.1) Ds W(x) < f(x, Y(x)) 


ant defining V (x) te be an ever funetion tf V {x,) * ¥ arn 
(2.2) D+ V ¢x) > f(xy V (x))s 


The solutions are found to lie between the upper limit funetion g 
of the set of underfunctions an@ the lower liait funetion G of the 
set of overfunctions, < anc G themselves being solutions. 

¥. ¥OLLER [4| shows that PERAOR's proof will not carry over 
dirsetly to apply te a eystems 


(Bes) . y, = By Grek) » (hw l,ete,n)s 


& 


MNowever, bh@ is able to extend the classical theorem, ovtaining 

a statement whieh is similar to that of PTFRON and which reduees 
to the cirect analomie of P79" OR's theorem in the particvlar case 
where the furctions f. are senotoniecally inereasing in the argu- 


mants Fj ,* os ‘Ve: 
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in this eciapter we return to the cheracteristic inttial value 
problem for 


(3.4) _— 2 f(x,¥3 23 Qos ¥, I 


We odtain results similer to those of we LIER above. in the fol- 
lewing Theorems 11 ami lle we improve the atetements of Theorems 
, anc la, Chapter "I, by she introduction of upper and lower 
bourniing fametione aml cw e 


Theorem 11 (iia) 


1) f(x,y¥3 23 2,qG) Cc OT), Ts O< x <4 
C<yea 
Wix,y) <a < (x,y) 
nto} == Qe(%rF) 
Oy(%eF) < A< aylXsF) 
2) (2)') f 16 Linsehitsian (partially “issehitgian) on T {as 









Gefined in Theorems 1 and la). 
O< 
2) The funetions wi{x,7) and O(x,y) c crtmyre 
0 
ei th OD yylke¥) and DQ. spre x,ry)e °(R)e Moreover, 
ao {x,0) #¢ Q(7,0) 2 O for zx—e[0,f%(, 
W{Os¥) we (0,7) « O fer yel0,fl, 


ené, for each (x,y) 4 &, 


(8.5) O gy(%s¥) te 73 us pq) [> 
2.6) Q (s,7) > mex C(x,73 Us PG) | 
( . s3 > a evs aS 


WHnsre 


_ 


ate ee &: 
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zx 
(a.7) G(z,y¥)3s - ¥ 
7) 2 


—> 4) (4)') ‘There existe one umd only one (st least one} function 
u(zx,y} @ O'(R), Bey C(R) such that for eech (x,y) < Ff the point 
(x,y3 =(2,7)3 a {xey) ay (xs7)) eT, and 

Bag Kor) © Liars eRe 7s My (ey), Vimo) 
a(x,0) © u(G,y} 2« G gor each (x,y) Ee Ke 


Proof 


Ve sxtend the domain of Gefinttion of tha faucetion ff aver fT 
C<xa<f 
to Ets 


O<vec f by defining f(x,y; us ps4) 


“m<.¢ < © 


$3 
{ 


suit O(ry yjcu < Q(x,¥), Dep tf 0 (x,y) < p<Q, (x7), 


~ 
oD 
« 
3 
ee 


m= W(z,yx) if uw < Wlx,y) Ds We ¥) if p< @(2,7) 


a) 


= Q(r,y) if Qixsyi< uo pe ly(x,y) if 2 S(x,y) < Pp 
and Geaqitr CA % 53) =qQG= Oar 
Gs ) yi%a¥) i-e =< C!s) 
aq 


a {2 (xy) if [2 (xy) < @ 


“y definition (8.8), £ ts uniformly contimous and uri forsly 
voundeé in. *'. Moreover, ty hypothesis 2}(2)') ant (2.5) £ setise 


fles a Tipschits (partial “irechite) cordition in Bt. 


omrs: 
i) > 
“i 
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Fence, sy Theorem 1 (la) Chapter Il, there existe ore an¢ only 
ome (at least om@) function satisfying eonelusion 4)(4)') sxeaept 
thet for (x,y) e@ KR we are essured only that the point (x,ysu(x,y¥)3 
2 (eo) (5 9)) Ee kt, To eomplete the proof we must show that 
this roint actually lies tn T; Lee. we mist show that for each 
{¥,7) € FB, 

c{x,7) < ulxyy) < OC (x,¥) 
(59) CO {%eF) < Ul es¥)< QO, (257) 


ONxsy) <2 (eT) < Qy(%oy) ° 


7 


To accomplieh thie, we first prove the following lemma: 


Lema § 1) Wy o(m7) <u, (ay) for #li (a,x) < R 
——e CO(x%sy) = 2(xX,F) 7 
Oalee7) <= uyl%,7) : 
C) gl XyF) =< uy(ey) . . 
£4) 2 ye %s¥) P Ugy(*>¥) for all (x,y) ¢ R 
—> 2 (xs¥) > 23,57) P 
-2 g(%e¥) 2 Uy (xe7) P 
5@. y(%F) Z ui feey) . . 


Proofs For 1), 


* Y x 7 
cotayy) 2 | ax |” cogyty «| ax | “a ty 2 lay) 
WO-s(r,¥) 2 CO pg ¥ < ("a ay = u_(s,y) 
x J x = \o0 7 = 4,‘ * 
a x 
Ww y(%¥) = a a | ays 2 t (eer). 


The mroof for ii) its aneslorousa. 





Sw me ee oe 
gytiee ha, | “(2,8 1 ie ime yt 
‘Wy its otha, ae * itatigt 


‘he © « ~') = 
=, oye? | = a ae 


mnie «| (Tt Ge —~ 
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To prove (3.0) 1t only remains to verify that hypotheaia {) and 
ii) of Leama 3 are satisfied vy u- 


Ey hypothesia 3) and defini- 
tion (208), for each (x,y!) <eF, 


Degft i < am | S(xs73 03 psa) | 


= 


‘Sema. 


f(x,y; 2(x,7)3 a (aeF) ni(x,y)) 
z yy! 7) 
and 


2 yyl%e¥) > — Lf(xs7s &s pee) | 
S(x,y 
> Flz,ys ule,y)s ul (x7), a (soy) 
2 Ay (Fa Fl> 


Thug, by Lesma 2, requirement (209) ie satisfied for each (x,y)e B 


and the prooef of Theeremts 1i anc lia is complete. 


if, 


It is evident wren inspection of Theersms 11 and lla that 
instead of homoc+nsous initial conditions, we preaecribe 


a(x,0) a2Ufx) with U(x) ~ et(l o,f”), 


| a(O,y) = ¥(y7) weith Wy) ec ef o,f(), 
where 0(0) » V{0), thet we =m-8t requirs 


CO(x,0) « (l{7,6) « U(x), 
W{Gs7) = SL(O,y7) = Vy). 


Tas proof then goes throucn as before. 


The folloring exemple la an Llluetratiecn of Theerer 11: 


Tzarple & 


‘or the probiem 
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= (gi/™ ate 


(8.10) _ 7 ue) » au(x,0) we ul(O,y) «2 O, 


wa may readily verify that 
2 Lfa(ml) 
(S011) @(x,y¥) = ai" ° 2 an xy 


and 
fG.12) {2,75) & gl/atatt) xz 


satisfy the bhypothsses of Theoren 11 for all x 20 and 


Ccvitee 2 glen 
s mt+i 


In Ghanter II we obtained the exact solution 


(@.42) ulx,sy) © x } ahs . ar (c, = 7) | —! 


{S & branch point of the solution. Ye observe that as = in- 
ervases indefinitely ca amd approach u from below and above, 


, fF wa > 
respectively, ile c. aprroaches C.. from below. 


ve see from this emantoie that it is poasiblie to oebdtain approxi-ge 
mate solutions, ith knuwn liwitea of srror, ané te loeate singue 
laritiss in the scetuel solution by use of Theoren ll, provided 
thet scitable functions © ané (2 ear be obteainede For problems 
where explicit solutions cannot be obtained in "closed form", the 
procedure ie to alter the right-hand side of the equation 


Usy @ Tess U5 Bye u,) 


ao that an explicit solution of the altered equation can be ob- 


tinted ated Rede eee hel Renate Loe 
ketene et ee Oo hat bs eccemery Maem dee 


a Some bed” 48 UA 8 (AT NT Albs Vdd Byeee 
te a ee ee LL el 
dl ele 


it ot cat ee ee Geom de ear @ mE iad 06> ieee ee tee « 
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tained satisfying tue bourdary conditions. This may lead to fure- 
tions © and (2 satiefying the hypotheses of Theorem 11. (See 
W. ©. wrrevnw [19 | ana |cc|.) ‘The eotivetion for equations (3.11) 
and (83.17) of “xample 4 {8 now svicent. 

When we consider the possibility of applying, as explained 
below, the PTRNC” method sine unfer end over funetions to the 
characteristic ini fai value problem unier consideration, we find 
the situation much the same as that in the ease of a cystem of 
first order ordinary differential equations. ¥e arrive et the 
“unsatisfactery state of affairs wherein there ig no assurance that 
the under functiong remain bdelow the over Tinctlons throughout 
the entire reciocn on ehieh @ solution is known to #xiste in faet, 
we shall presently cive an example where an under function execeeéa 
an over Sunmetion within the domain of existenee of a solution. 

Peealling inequalities (Ge1) and (3.9), we may expreas the 
applicetion of the STRPOW methed as followa: Ye require both the 
nnder and over furetions to satiety the given charactertatiea 
initial conditions and tc be continuously differentiable and to 
rossess a mixed senoné derivative at each coint of the domain 
Re \° ddan e Be further stinulaste that enoh under funetion, , 

e<y<f 
snall satisfy 


(82.13) Y xy tPF) < £(x,¥3 ip (x,7)3 0 (Fr), 0 AxeF)), 


and thet each aver function, V shall satisfy 


(8.14) D eg oF) > f£(a,y3 Vixsx)s U (rey) Y (x09)) 


for each (x,¥7) € Re 


iii aa? atl Engst = dstly ied 


Frodben Litt | © easiieet ome Wane fate Ln 


The gh wht bt wen Tevet h< ree! 7. 


ot = tege! Gee =e: 
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Analogous argumenta to those used by PYRMON fer the ordinary 
differential equation x! = f{x,y}) lead to the inequalities 
Y lOve) < Y (Ory) for Oc vcf; 
YO (zee) 2 W y(%0) for O<xacf, 


for eny under fanetion Y ans any over function Vv. These 
{nemalitiog, together #1lth the requirement thet (Y and UV satisfy 
the characteristic initial date on the positive x and y axes, 
ineure thet V > Y in a sofrtciently small "L" shaped strip in 
the first quadrart adiscent to the initial characteristics. 
Unforturmetely, this is finmacec:ste as the folloning exemple demon- 


etratese 


Franple 5 


Consider the problesi 


15 ) My = % u(%,0) 2 ulSs7) 2 0. 


This problem han the uniqnrs solution u «x O throughost the finlte 
nlane © Let 


Vay eax By? + 0 


7: 
z=? PP 3 


(3.16) 
XY 
whers A, ®, € an€ BD are positive constants. By integretion in 
{®2.1€) wa may obtsin furetions Y anc satisfying the initial 
conditions of (8015). Sbvioisly, (/ is an under function for all 
(x,7). Moreover, WV »°* for all (x,y) lying in the portion of 


the first quadrant below the rarsiclic are 


y t/hae's 
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en? hence V meetea the reqoirements for an over function on @ 
Jonain 2,+ - wnere f is arbitrarily larga oct fi ntte. 
¥ S=< s< jf 


TeSiniag hos Y - YY we have 
b (ay) = ax ~ By? + C + De 
Sines h(r,0) a h(O,y) = O, we ottsin by integration 


h(x,y) = . x”y Sed ~ xy +{C+) xy. 


fe nots that h >O in that portion ef the firat quaecrant below 


the hyperbola branch 
2(C+D) 


_ 

: i onde 
“ Dt 

while h <0 abeve thts cranch. from the Glacream it is evident 


thas if we require 
A c 
i g 


then there exists a posltive cone 


stant f such that within the ecoer- 





resoonginge domain Ry we have 4@ 
gutrection R” on which ony » Nence the "SREON methed Is not 
Gireetly apolitadlie to (is ciass of probleme. 

heSurning to Theorems jl] am lle, we observe that if, for fixed 
(x,y), & $@ @ “wonotanically (neraasing fusction for the arguments 
YU, p enc Gq, then 


P(xeys wlmsy)s Wy! x,7), Ce (*s¥)) 


x 


e ain | fla,ys 33 pq) |, 
&(x,7) 
and 


f(xsys 2 (ayy) s Qylzyy)s Q (17) )e ~ [e(zsyteseea) | . 
SAX sF 
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od 
m 


In this cage we may alter hypoth=sia 3) to require merely that 
CO gy ( BF) < f(a,F3 @ (¥,y);5 OAl=s¥)s (O99) 
49 xy(%7) 2 Px73 Oimey)§ O (rey), Oylasy)) 


for each (x,y) 4 He Tats ts the direct analogue te PUR K's 
theorem (age \25 | ) and corresponds to the previously mentioned 
result of o) LER fer a syabem (505). 

wa close this eharter with the rewark that Pheorests 11 anc lle 
ean be extenced lowedistely in teo wayne Pirst, ts method ia 
Gireetivy apelicable to Ghe Cauchy problem. He reqaire the funte 
tions © and (© to satisfy the Cauehy initial data ance observe 
that the proof of Lemun 3 ia essentially unchanged. Second, the 
method extends to apply to a system 

Us oxy * fy (X.Y Uys a x? Me oy)? (1 w 1,°*°,0) 
for voth characteristic and Cauchy initial value prescriptiona. 
The modifications La the hypethsses and preof for Theerema 11 ané 


lian are otvicus. 
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The following special notations will be used throughout 


this paper with the meanings as defined below. Other special 


notations used will be cafined at the place where they are 


Introduced. 
E 
x 


O< 
his 
O=zy 


f ¢ c(B) 


f 
f 


i\ 


IN 


g<« C'(F) 


tan (x,¥3 us P,Q) 


ry} —> fons 


ig a momber of; 1.6. belongs to. 

H is the set of all ordered pairs (x,y), 
(points) for which O< x < ff and 
Oszyaf.- | 

fis a member of the class of functions con- 
timmous on the set B. 

g@ is a member of the class of functions con- 
tinuously differentiasle on the set Hi, 
(and similarly for higher degrees of 


aifferentiabllity. ) 





—. wnere C is a parameter along a path. 

x belongs to the closed interval, 0O<x</f. 

implies. 

implies and is implied by; i.e. if and 
only if. 

a sequence of functions ¢, (Az 1,2,°°°), 
of armuments (x,ys us p,c)-. 

the sequence {ey} converses pointwise on 


the set BR to the function f. 
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CHAPTER I 
INTRODUCTION 


The purpose of this paper is to present a number of exist- 
ence theorems pertaining to e class of non-linear second order 
partial differential equations in two independent variables of 


the general form 


(1.1) P(x,ys us DoQs r,8,t) = O, 
where 
(1.2) p= ue gq = ay ea, * =a, and t 4. . 


in the usual notation. Ye restrict our attention to those pre- 
scriptions of initial conditions for which integral surfaces 
exist such that the equation is of hyperbolic type thereon, 1.¢e. 
the inequality 


2 
(1.3) Fe - 4 F F >0O 


t 


mst be satisfied on the integral surface in a neighborhood of 
the initial data. 

Ee PICARD (1),(7}', BE. GOUARSAT (8), E.E-Levi{9], A Leby[10], 
J. KADAMARD(11], mM. CINQUINI-CIBRARIO(12)],[13}, and others have 


i The number in the bracket [ ] refers to the reference in the 


bibllography. 
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developed existence theorems based on the method of successive 
approximations. Their concern nas been to estadlish sufficient 
conditions for the existence of a unique solution. Retaining 
their restrictions on the initial data, we shall obtain suffictent 
conditionsfor the existence of at least one solution. The inte- 
grals of the equations we consider will not, in general, be unique. 

The concept of characteristic curves in an integral surface 
plays an important role in all work in this field. We give two 
definitions of a characteristic curve, the first applicable then 
the curve is expressed in non-parametric form, the second when 


expressed in parametric form: 


Definition 1 
Zx< 3 
alc. = * , where géC'({a,b])), or ways = h(y) 
y = g(x) e<y<a@ 


where heC'([{c,d]), is a charecteristic base curve (character- 
istic projection or, by usage, characteristic) for a particular 
integral surface J: u=u(x,y) of F(x,ys us p,qs r,8,t) = 0 <=> 


for each (x,y) 


2 ‘ sal 
(1.4) Foy” - F dydx + Fidx” = 0 


Definition la 


v8 been for Cée[0,1] and where x,y<C'((0,1]), ts a 
yey (7) 


characteristic base curve for a particular integral surface 

J: u=u(x,y) of F(x,yg us ppas r,8,t) = 0 <> for each T €[0,1]) 
» g2 

ae 1) oF, 9 - PLgk + Ps = 0 
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Under either definition Y is rectifiable and possesses a 
continuously turning tangent (see C. JUMDAN([6), p.- 100). The 
two definitions are equivalent in the following sense: ‘fe may 
convert Y expressed in non-parametric form into its parametric 
expression by setting x =(, y= g(c), or x=nh(7), y= TC as 
the case may be. Thnat the converse is possible follows directly 
from condition 2) of Definition la and the Implicit Function 
Theorem. Yor, suppose at a point (x(7Z), y(7,)) of Y thet x # 0. 
Then in a vicinity of x = x(T) the inverse relation C= CS (x) 


exists and we may write 

(1.6) YT s y = ¥( T(x)) = g(x). 
Similarly, where § # 0, we may write 

(1.7) Y 32: x= x(t(y)) = bly). 


By condition 2), one of the two representations (1.6) or 


(1.7) is always possible in the vicinity of each point of Y . 


Definition 2 
x = x{ 
[ls yy 
u = u{ 


NAR 


) 
. for 7 <{0,1]} and where x,y,u<C'([{0,1]}), 


@ space curve lying ine particular integral surface J: u=u(x,y) 
of F(x,y; us p,Qgs r,3,t) = 0, is called a characteristic curve in 
the integral surface J <=> the projection of l’ onto the xy plane 


is a characteristic projection for the integral surface d. 


Wit! niet os Oe 
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Under suitable hypotheses, by virtue of the hyperbolic condi- 
tion (1.5), for any integral surface J: usu(x,y) of F(x, y3ujsp,q3, 
r,S,t) = 0, equations (1.4) or (1.5) determine two one parameter 
families of characteristic curves lying in the integral surface J. 
exactly one characteristic curve from each family passes through 
any civen point (XoeJoeUlXs¥,)) of the integral surface J; and, 
moreover, the corresponding two characteristic base curves do not 
have # common tangent at (X52Ip) 

Along any curve, characteristic or otherwise, lying in the 
integral surface J, the following strip, or band, conditions 


(1.8) a = pk + Qf 
p=rk + sy 
(1.9) . 
q = sx + ty 


must be satisfied. 
The modification of Definition 2 and conditiona (1.8),(1.-9) 


when the curve Gc is expressed in non-parametric form is obvious. 


Definition 3 
1 x=x( 7 ) 
S°:< yey(t) for Ce [0,1] and where x,y,u,p,qg <« ©*([0,1]). 
uzua( T ) 
p=p( 7 ) 
q=q( 7 ) 


is called a first order strip <—> for each TT < [0,1] 


(1.8) & = pi + ay 


Suppose a particular integral surface J: usu(x,y) of 
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F(x,ys Us P,Q r,8,t) = O ~ ; contact of first order with the 
x=x( T 

atrip s', Then ar \" : de for Té [0,1] is a character- 
usu( ZT ) 


{stic curve in the integral surface J, the strip s* is called a 
characteristic first order strip for the integral surface J. 


init: 
xax( T ) 
Ss yzy( 7) for C<[0,1) and where x,y,u,p,49,r,;3,t 
uzu( 7 ) 
p=p(c ) -6*((0,1]) 
q=q(z ) 
rer(Z ) 
s=a(T ) 
tz=t(z ) 


is called a second order strip <> for each 7<[0,1] 


(1.8) i = pk + af 
\\ = rk + sy 

(1.9) 
& = sk + t§ 


If, moreover, equation (1.1) and conditions (1.3) and (1.5) 
ere satisfied for each Ce [0,1], then s* is called a character- 
istic second order strip. 

Hote in Definition 4 that since all the arguments of the 
functions involved in conditions (1.5) are known upon prescription 
of the strip s*, we may determine whetner or not the projection 
of corresponding space curve ip Sita for © < [0,1] isa 

useu( 7 ) 


characteristic projection without reference to any particular 


integral eurface. 
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Definitions 3 and 4 can be readily modified to deal with the 
non-parametric case, See, for example, HN. CIN,UINI-CIBRARIO[13]. 

In Chapter 2 we consider the characteristic initial value 
problem for the equation 


(1.10) s = C(x,ys us Pp,4) 


and its extension to the system of equations 


(1.211) 3, = fe (xeys Uys resus Pye" °°» Pos G,2°°*sa) 
(1i1,2,¢+¢,n). 


We modify the customsery hypothesis that f be Lipschitzien, 
ie6- With respect to variables u, p and gq, to require thet f be 
partially Lipsehitzian, i.e. with respect to variables p and q 
only. We odtein existence of an integral u over the same closed 
Gomain as that obtained in the classical theory. dour integral, 
however, cannot be shown to be unique. This fact is demonstrated 
by an example. By further example, we show that the bounds ob- 
tained on the domain of existence are maximal vdounds. 

in Chapter 3 we apply the metho.s of Chapter < to the Cauchy 
problem for equation (1.10) and the extension to the system (1.11). 
The conclusions are similar to tnose obtained in Chapter <. 

The arguments in Chapter < serve to establish the equivalence 
(as defined therein) between the characteristic initial value and 
the Cauchy problems for the system (1.11) and the corresponding 
problems for a particular system of first order partial differ- 


ential equations of the form 
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ik i 
(1.12) ls termed a canonical hyperbolic system. 


(1.12) ayy wet =o, (1 = 1,2,°%*pm<n) 
k=] 
= in oY = C, (1 = mel, mez, o+eyn) 
k=] 
Where the A ,C are functions of Ko yoW Us? *ee e The system 
7 n 


This equivalence has already teen esta lished by M. CINQUINI-« 
CiBRARIO({12]. Under the restriction that the first partial deriv- 
ativesa of the functions Aye oy 
their arguments, she obtains her theorems on the existence and 


be Lipschitzian with respect to all 


aniquenessa of the system of functions Uy as the solution for the 
canonical hyperbolic system (1.12). Se demonstrate that her rea- 
soning establishing the equivalence does not depend upon the 
uniqueness of the solutions for either system (1.11) or system 
(1.12). Consequently, from our results in Chapters 2 and 3, we 
are avle to remove the above Lipschits condition entirely and 
obtein existence, but not uniqueness, for the solutions of the 
canonical hyperbolic system for both characteristie and Cauchy 
inltlal value prescriptions. 

Following the attack of H. LSWY[10], in Chapter 5 we reduce 


the equation 
(1.1) P(X,y¥s Us Pos Vy 8,t) = O 


to a system of so-called characteristic equations by means of a 
transformation to the cnaracter‘stic base curves es coordinates, 


This system is shown to contain a canonical hyperbolic system. 


ad Mees alte eT eee 
Or on Oe (OF See PEEL Atle ay cn ef es ere 
worangs slineyeye ber teeee © acted of eae VY Bae. Hl” 





We treat the Cauchy problem, i.e. to find an integral surface which 

has a second order contact with a prescribed second order strip. 

By virtue of a theorem by Me. CINQIINI-CIPRARIO, stated in Chapter 

4, LZEWY'S work yields itwmediately the result that for P € Cc!!! 

in a suitable region, there exists a unique solution u cc C'!f! in 

a sufficiently small neighborhood of the initial curve. We again 

demonstrate that tne equivalence of the problems is not dependent 

upon uniqueness of their respective solutions; and, nence, by re- 

quiring simply that F <¢ C'' we obtain existence but not uniqueness. 
In Chapter 6 we treat the cheracteristie initial value problem 

for equation (1.1). We follow a modification of H. LEWY'S method 

introduced by Me GINQGULAi-CISRARIO(13). Here equation (1.1) is 


first transformed into tne form 
(1.13) es = f(x,y3 Us PrG5 Pt). 


A modified system of characteristic equations is obtained. 
This system also contains a canonical hyperbolic system. The the- 
oremsa of Chapter 2 apply and we obtain results similar to those ob- 


tained in Chapter S for the Cauchy problen. 


In Chapter 7 we treat the mixed boundary velue problem for 
the equation 
(1.10) s = f(x,vs 23 PG), 
i1.@¢. the problem whers any interral surface of (1-10) is required to 
pass through two spaces curves isering fron a point, with one of the 


curves Seine a characteristic on this surface and the other 


el ee 


oo ele cts ae ee oe Gets oo ¥ steel 
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curve having ourvs having nowhere a characteristic prejection. We 
show thet for equation (1-10) thera is no loss in generality if we 
ass-me the initial cata to de 

(1.14) u(x,0) w= u(x,x) « 0. 

For f£ eontinuous, bounded and Lipachitrelan, we prove that there 
exists one and only one interrel warfece of (1.10) satiafying 
{1lel14) om a comain for ehich we prescribe explicit bounds. Por f 
econtimous, bornded and partially Lipsctritgian, we find, vy arga- 
ments analoxous to those used in Chapters 2 and 3, that there ex- 
{sts at least one integra] surface of (1.10) satisfying (1.14) on 
& domain for which we asain presoribe the same type of explicit 
bounds. 

In Chapter 8 we consider the characteristic initial value probe 
lem for equation (1.10) from a new point of view. Hers, in order 
to extend the theorems of Chapter 2, we introduce the concept of 
uoper and lower bounding functions for the solution (er solutions) 
of the problew. This idea was first usec dy 0. perkon [ 28\ to ob-= 
tain en existence proof for the srohlem 
(1.15) yi = f(y) 5 lk) = Foe 
Wig proof is quite indenendent of the classical proofs. 

uM, WIT.LER [4 | shows that "TRPON's method has no direct analogue 
for a system 


(1.16) ré b-9 4 ix, a~e i » 3 > L, °°? pt) 


Ww 
He is able, however, to axtand the classical theorem for a 

system (1.16) to obtain a theorem which re@veces to the direct ana- 

lomie to the PTSIOW theorem in the case where tue f, are monotoni- 


cally increasing functions of the arguments Fre o¥, » 
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The exytenslons to the theorems of Chapter 2 @hickh we oftal:. are 
similer to MOT IONts eonclesioms fer the system (1.16). WMorcover, 
we demonstrate by exammle that the FERKON method has no direct 
amslogue for the characteristic initial value problem for equation 
(1.16). e also give an example ilinstrating the theorems ob- 
tained in this charter. Pinally, we rote that the Cauchy problem 
for equation (1.10) and the Cauchy and characteristic initial 
value problems for the syste 
(1.11) Bye Egys Bye? oULs Dy oe**sPys Gy s°* Oy) 

| (2 wl,°**sn), 


may also be treated by the ~ethod¢s of this ehapter. 
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CHAPTER II 


The Characteristic Initiel Value Problem for U xy s 


For eonvenience of reference we first state the following 
theorem, whose proof is based on the method of sueceseive ap= 
prozimationa. The proof of existence was civen by e. Picarp [11], 

while the proof of uniqueness may be found in E. EAWEE lel Pe 


410. 
O<xcf 
O<= 9 < c 

Theorem le 1) fle,yysuit,g) 6 COB), Se e 

y =s < @ 

A e 
m<B< 5 
o.<9 = b, 

2) ff is Lipsehitsien on 2; i.e. there exists 
6 t a positive constant K such that for 
, -& 


oh 24 3D) 9G) ef, (XY Up sPo9G,) € 2, 
[f(x ,7 Sty 5D, 0G, )-f(x,¥IUO5Po0G,)| < F { lay“ \Py Po] +1842, | 


~ & 


S) ® hfs e, # i< bo, M {<> » where % » max |f\| on Be 


i 


=> 4) There exists one anc only one funciion u(x,7y)eEec(R), 


C<zxe 
xy 207) € CUR), where f 3 » such thet for each 
O<y<f, 
eh e RK the point (x,y; “lapy)s us(xsy), u. -(Xsy)) € By and 
Nyy HF) = Plays alrey)s ul (ayF), Ul(x,y)), a(x,0)) 2 0, 


~ =e =O for each (x,¥) « Pe 
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Rewarks. a) Suppose we preseribe a(x,0) 2 U(x), u(O,7) » Viy) 
where U(x)eC'( [0,f,1), Vly) = or LOf, 1) and 1(0) # V(0). 
Consider the function w(x,y) = U(x) + V(y) - @(0). Clearly, 

Way (709) = 0 and w(x,0) = U(x), wlo,y) 2x V(y) henee the function 


vou - ww must satisfy — = f(x,73 v+ wW3 V+ te? 


yt ye 


v(x,0) = v(O,y) = O, a problem of the type covered by Theorem 1. 


b) Suppose f <€ C, bounded and Linpschitsian in the 
Caxec l 
Gomain 8° ; 
<2 f< I> 
=“OO< u < 
-—B< prio 
“mM <q < © 
Then hypethezis 3) isa immediately 
satisfied. 
Following an approach used by Me MULLER L3 | De 632, in 
Gealing with a system of first order ordinary differential equa- 


tions, we are led to this improvement of the above theorem: 


Theorem la. 1) 
@)' fis partially Lipschitgian on 8&3; lee. there exists 
a positive constant K such thet for (x,y; u3 Py 94, ) e 8, 


(X,¥5 35 DosG,) < Bs \f(x ys 23 P,0G,) - £(x,¥3 25 DL»G,) 
<n} [P)“Pe| + |4,#a9I { ; 


5) 


=> 4)' There exists at least one function u(x,y) « C'(R), 
O< xf 
Uy reTIE CM), where ms} 2 such that for each (x,y)e R 
! O< yY< f. 
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ma<2F = 


the point (x,y; u(x,y);5 uiGoy), ultssy)) e BD, ant By 9) - 
f(x,¥3 u(x,y)3 u (x7), ul(y))s u(x,0) s 0, u(O,y) # O for 


each (x,y) € Re 


Proof. According to WEIERSTNASS' celebrated theorem |_4/ p. 1147, 
on polynomial approximations to a contimious function, there exists 
@ sequence of polynomials, } 8} (xsysusp.a) converging uniformly 
to f(x,y; us p,q) on B We designate this vwniform convergence by 
the notation 56 waite on PB. 

We extend f and the polynomials ¢, , (\# 1,2,°°°), over 
the domain 8 to the Gomain &', cefined tn the remark ») above, 
oy the definition 

f(x,y3 23 PeG) & T(xpys BS Byq) 


6 (x75 23 Pea) 8. (xsy3 03 P,Q), (Am 1,8,°**), 


nm 
©.1) where 
BPenunif -acucea ,pe pif ab, < pob, »a2qif “b,< 4<¥,- 
mee if axa p= b, if Bb, <P G2xb, if bo< 4 
- s a €s Dp « =] ry EB ge 
vem if u< -g p =~b, if p< b, Ge vb, if qQ< v5 


From this extendec definition we see that \¢ |< Min Bt. Since 
T- x unif > in B', there exists a constant L>O such that le, |<t 
in ®' end for all A). The funct’ ons Gs (\ # 1,2,°°*) are unt- 
formly contimous in &', morecver they possese bounded difference 
quotients with respect to the arguments u, p and q everywhere in E'. 


Henee in Bt, for each function & \ there exists a constant i) > 0 


sneh that 
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(2.2) | 8 (x95 u,3 Py 0a,) - & (x0¥5 ui PorG,)|< Sim, a ,|+|P,-P,1 
Thus, by Theorem 1, to each B) there corresponds one and only 


one function ay (x7) E c'(k), uy xy (*9) EC(R) satisfying 


(2.3) M pF = & (x75 U)(x»7)3 Dy %o¥)> Uy %eF))s 
2 (0) 2 O, u (0,7) =O for each (x,y) < Re 


Se may express the characteristic initial value probles for 


each u ; in the form of an equivalent integral equation 


x y 
(2.4) uy (x,y) 2{"a5\'s 6S 2) 3 wu (F,0 0s Box! 1) )> 
Bg! Se Py 


By cifferentiation, 
y 
(2.5) Bg Bey? “\ 6 )(% ns U \%- n )s By x Xo} ), By y(Xo 7 )) ah 


x 
(26) a) .(my) ~\'s\¢ Says BCE oy)s 2) CE oF), Wg 5 99)) ay « 


We now show that the sequences ful, Sy ek , en 
are each uniformly bounded and equicontimious on FR. Por the se- 


quence u Na this follows directly from the integral exrression 


(2.4), “or, siven x, *y» Xe <[0,f, | and y, Fy? 7, € L Of, | , 
(207) \as(ey)| cof» Cho Lette } 


(208) [a (my 991) = 8 )(x—0¥Q)\ < blay-xe| |yy-vyl 4 BL, |x =%,| 
+ L, | ¥Yo | » (\ #1,2,°°° ) 
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the uniform boundedness of fa) es and of en follow 
directly from (2.5) and (2.6), respectively, for, given (x,y) < R, 


(2.9) \v, (709) | <UL fo (A 2 1,8,°*°) 
(2.10) | ay (er) hat L ky» (\2 1,2,°°° je 


Ne base the proof of the equicontimity of the functions of the 
soqrence Say < upon the following two lemnas, the first of which 
3 
is due to T. He GkOMWALL [5 |. 


Lemma ll. 1) ly) ce o(L0,f [) 


y 
(2.11) 2) O< ey l<\ (wn ) + A) an + B for y¥<[0,f | 
where M, A anc B are constants 70. 


(2.12) 3) C<AZly) < (af + B) a for ye L0O,f|- 


Lemea €. Civen KOs S> Qa, there exiat S » & nesitive constant 
cepending upon pe alone, end N, a positive integer depenting upon S 
alone, such that whenever (x, 97) E& Rh, (x Ve R, | x, °%,, | a S 


ané >, 


¥ 
(2.13) | a, glRgev a, 9 (m o7)| = K\ 1B) 9% Nh? == x *? net 
tL +S 


where K ia the partial Lipsehits constant for f(x,y3 us pyQq)e 


Asaume, for the moment, the validity of these two lemmas. Tach 
of the functions * . is certainly uniformly contimous on Rj hence, 


if we let Z(y) 2 By x(XoeT OO) (x, ov) for any particular \>N, 
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we bave immediately that for I=,-%,\<% . 


E 
(@ 14) lu, ,(xpe7—a, (x, 07) | < ( pr+S) oe. 


Suppose (x, 7) é Be (x99) Ee kh, then certainly (x )EerR 
® 


e°7 3 
and 


(2.15) 18 (ZrO, (07, )| < 2) lFpr7 Jay (5 Q09,) | 
_ [%) el Fye7, my (my oF, )| » (he 1,2)°°* Do 
fy (2.5) we have that 
(2.16) \e, a(t F Ie) (x74) a >} \y,77, | » ()\ © tee**™” be 


Inequalities (2.14), (f.15) and (%168) yield immediately the 
equigontimiity on F of the functions of the sequence +4) af 3 
. 


for, given G >0, we first choose >0 and S>0 such that 
Ee 
(2027) pers me 
anf let & and 8 be the corresponding constants given by Lemma 2. 
By the untform contimiity on R of each of the Sunctions sh 9 


there extats a positive constant § ,» Sepending om ¢ alone, such 


that 
|x, - z\< Se and \7, - 7. <&%¥ > 


{ 2.18) Jay (xgeF ty (Ro, < » €)e LeBe*™ > Be 


Setting &, 2 min(S, &., €.) we obtain 
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Na a0 0 Ga obtain ihe 
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\x,-*, a and \y, - ¥.\<S> > 
(2.19) Jey (Rpt Quy (x, 49,)| < E » for \ = L,2,re* RyW+2,°* 


Proof of Lemma 1: Let Z(y) = eT ‘wly), without loss,for we may 
always choose wily) = ey. Z(y)- wy) e c( (0, |) and hence at- 


tains a maximum thereon. Let w occur at y = y,, then 


bs 
ose “nax<\. Pali wih) +A) ah + B 


1X 1 


y 
=¥%*% {he Lay 4 aya 
O 
MY}. 
“nax(® LeL)+A ¥, +8 


Thus O<w <Ay. +8 <Afi+B and hence 


1 


0< Z(y) < (Af + B) oth for y € [o,f | ° 


Proof of Lemma 2:3 
Bg gr) B97) “ Jo Leytmohs 2 (5 51)) 3 
By xo) s By o(tos))) 
= 6)(%> Ee wy (Xy eh) 3 By xl % rb)s 
BAS y (Re 1 ah 
(2,20) -(" | 8)(%, obs (Xo »D)3 ay (Xoo) 
Wy (Xoo)? 
* oy os (Roos wy x(x oob), 
a“ y| *e? mrs a’ 
ry. [t(x,sh ; Qs ay (xiod)s By x (Xe!) » 


"aay %aeh) et 






ee albelsean “Sa ee ate ee 


‘: oh 
p pagahy e Bfayel, te ; > leat y ooiinal, |F 
1 forth um Ate .. * 
) valle a! du pet fps 08 P — 
te bigs wl a” 
stage, pe tbe FS ATi m {or 61 
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"aed z etl! ee, By x % 0s 
Ney x) " 
y ’ . 
+f PL tla ols u(x, ols By) (ope 
By Fe D)) 


- £(x, Ws u(x, obs a) ayes 
a ey? | ay 
+" Leta, op & (x, oD): Bg Mey) 
My) 
= 6) (x) obi B(x ods a (xD) 
wed a 
(Ae l,2,e%9 do 


Sines {8,4 unif, on °', given C>0 » there exists a positive 


integer 8, depending apen C alone, seeh that for >, 
rf 

of ; : ~ x “ 

(2.291) \" |S) (xash3 w(x s)s 3) x! > a)! ge) 


Sxpohs wy (Roo) O, Cease ay y(RQo) 1 alt! 
+] CF Leta ols oC, obs ay Oxy ob de my qh) = 
© (x obs @ CoE a) gm ob» ape <s 


By hypothesie 2)", 


(2om2) | (TU etxpohs a yiz his a, ,(xoeh), Beer)? = 


12 comeews an ae wn, “4 


i* tfegta 
2 = aL nar corte ne, 


mY sana eT telien 
Ay <7 i Pegttive rit | 
= NST i ; 
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a “f(t. VE a su ry x % Yu ‘eo yp Wd] an | 


X62 yale) = mayo A + Oe ten) 


Since f is uniformly continuous on F', the functions of the 


sequence fuyt are equicontimions on R, and [ay (xo) - 


“ (x, |< L \x-,| » (he 2,2,°%°), it follows that given u> 0 


\+¥ 
there exists a positive constant & , depending upon pe alone, such 


thet for |x, - xl<6 ‘ 


(2.23) \\" [Plxgshs (xs a, (xyes a (xyot))) 


~ P(x, obs w(x, oN) a (ys wy ey) | atl kA, 
(A= 1,2,°°*)e 


Therefore, from (2.21), (2.22) and (£2.23), by virtue of (2.20) 
wo obtain that for A> and x, * x,\<& . 
(2.13) [a (%pevloa, (257) a (2) x %_)) - Nyx yD? b> ay 
we 
thus verifying Lemma 2. 
The proof of the equicontinulity of the functione of the se- 


quence } 8) yt follows precisely the seme steps as that for the 


sequence Su 
me ae 


fe now invoke the well-known theorem of C. anzeta [3| De 1144: 
"Given a set F of functions f defined and ceontimons 
on the closed bounded set A, then the necessary and safficient 


conditions that each sequence of functions contained in F possesses 





we ets Ve mms ml md " 
Able hams ae cetie me a erie lyf oo 


laf t 


ooh tl we [LT Le 2 etl cme Fie ad eee me ie 
jrectes be Velie 3 Oe ieee Se 5 he & ee 

smi ina we Geers of a! 4 ie oer ee? OF 
Seeoremeg © 40 Ade dO ee Geter ' * Set uirt wate peer? art) Mee 
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& subsequence uniformly convergent on A are that VP be uniformly 


bounded and equicontinveus.” 


By Theorem 1, there exists a unique triple (usu, _3u, _) 
N Nv»X As¥ 
corresponding to g,) for each \ »« Siace any sudsequence of a 
uniformly convergent sequence +3 likewise uniformly convergent; 
and, since any subsequence of a untformly boundeé and eqicontimorvse 
seqnence is likerise uniformly bounded and equicontimouss there 
exists & sibeequence ¢: ~ of the ssquence TN such that the 


corresponding sequencee 


} * }) unif * ) unif unif 
(2.24) Sa A > Ys Su," —_> Vo fate k —— ¥, 
where u, Vv, wEC(R). This resulte from the following successive 
extractiona of subsequences: 

{4,4 La equicontinuous and untformly bounded on F, hence 
there exists a subsequence Fahd of Su § uniformly convergent 
On Re {uy me is equieontimeous and uniformiy boinded on K, hence 

BD le 
there exists a subsequence } uy i of ul t uniformly converg- 
ek dk 
ent on Pa. Say a ig equicontimous and uniformly bounded on 2%, 
a 
hence there exists a subsequence aN ‘ of > a? i uniformly 
hoy Av¥ 
eonvergent on Re. Put, dy the one-to-one correspondence mentioned 
above, \ uy 4 is a subsequence of Sue i while Sa’ 6 is a 
d»® . dex S d 
sudsequance of yah $ eo Time ah and suXt are each unie 
formly convergent on RK. 


= 
Writing, with the rotation ., 2 u = U = O, 








wena Jat 






ant 


a 


@ - 


fe Se = 








ae Amen eet mer 









| py es 






ee - hae zi 


maylages 


7 aaron 


wit oi 
pot 9 3 


menses ej omen 


sas. 
-_ é U 


ah 








ol 


ora - = a = EY 
a _ ial : a = 9% et 
- * » eee) 
Ae hg ie (A 2 1,2, ds 


we see that the conditions for differentiation under the sumeation 
sign for infinite series are satisfied by (2.24) and the facet that 


ue c'(n), ()\21,2,°°*)- Henes 
(@-26) vix,y) = a (%y)> w(z,r) = ay (xy) for (x,y) < R 


We show that the furetion wu so determined satiafies the 
integral equation equivalent te the originel characteriatia initial 


vealne problem, ie@e 


( 27) u(x,y) -( ax(" fie 03 ul& »O)3 us 27), ots Yay 


for (X,sy) € Re 


Por amy A, by (2.4), 
(2.28) |a(x,y) -\ "ae \ Tet sya aE oe mg S olde a(E oh)? 87 
<\a(x,y) - nx(xey) [40 “ag |? [eS ys wg ds aE oD, 
aC Ed) = CE ss whe ods wy Eade wy ole abd) ah 
4 \ pa3 | gets fe wy S odds wy 618 olds wy ole hd) 
“e(S sys ws sah Ese e, emt al 
stnee Tons unit fon 8, jas ¢ ane uw on R, given €>0 and 


(x,y) <M, there existe a positive integer i,» depending upon € 


alone, auch that fer Noy 






‘elie , 
7 CY owe 2a © 
Deh ied aah pocerwevede | 


pa 


i Fo Ztye the AM nie 


a ae oF 











WA a iene sh 3 ak 
je Kt 5 toe ett an, feat Jie thee 
ee = erly eee SE Thee ove ey SS ee 
> ow es eit aeeeing = Hale bea aH & (Eye 
Tt-* ell Gore prleve 


(2.29) |u(x,y) - uy (x,7)|<€ ; 


(2.30) a8 \ |f£( ns wil o)5 wld 1)» By ys 0 )) 


eS Ee wy Ede ay Ce ode wy Ce) | ay 
<Etyk, - 


Moreover, since f is uniformly contimous in B! while te ° 
+t % -~ wa oe | in 
{u* | > hat converge uniformly on KR tou, + “; respec 
tively, there exists a positive intecer as depenaing on € alone, 


such that for > Mos 


(2.32) or ( / [f(b .0 ¢ als 5b)3 ai 550). wis 7) 


“f(& IE a 5 3N)3 wy x! E Ds wy | = oH) | ah 
<€h fk) : 


Introducing (2.99). (S20) and (2.81) into (£.28), we odtain 


that for ) > max (X> N,.) | 

) 29 w diay x Y * e 

(2.32) |u(zx,y) Vo? OE Ne wle He a(S Kd, w (EDI) 
<€(1+ 2k fk.) 


But € is arbitrary, hence (2-27) 18 verified for each (x,y)eR 
We mast verify the one additional fact that for each (x,y)eR, 


(x,y; u(x,y)3 Ui (XsF)>» u (mye B, instead of Just belonscing to B'. 





ae hee 
Rd tem ies 


alti om (uit) nda! MARAT ame ERAT 
"s mi Ah yh aes 6ST oe 
Cfoeige life Age AAs WDE ne AT ME) = fein] chen) 


Whi oe 


ae m2! ae @&. @ limes et re at act yy d Ae / = (@ 
tener! eee me) (eM evel leeeid lee ee Wl! ClfseT fee & 
oe ee ere deek We ries oh CLINE gl Teel © Fitenls Wan 





By differentiation from (7), 
¥ 
(2.53) a (xe) = { ctxsi u(x,))s a(x» w (xsh)) ai 


(254) uw, (x,y) ol ores ve ule ore UE sys WCF oy)) aS 


Nenee, from the extended definition of f, (f.1), end hypoth- 


esie 3), 
x y 
(2.85) |ulx,yx)\ < \ 08 i \£(F ys aC Z Neate 2d), a, ( gman 
<Mfjt <0 
(2686) \ay(xsy)|<(% [Plaats wCeehds a (meds ay (rohan 


<5 b 


x 
(2037) [syne |? | fle sys ul o¥)3 ule oF)» ef sy) as 
< Mf, < de ’ 


tins completing the proof of Theorem la. 


Remarks a) and b) to Theorem 1 apply as well to Theorem la. 
Ny the follosing exauple we show that the integral surfaces 


for Theorem la ar# not necessarily unigner 
Example 1 Consider the characteristic initial value problem: 


(2.33) —_ 7 ul* ; u(y,0) s u(O,y) » 0. 


. \ 
Were f(x,y3 33 p,q) «= | uj is contimois for all u mt fatls to 


satisfy a Lipachits condition on u at a=6. Theorem la aprlies 
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to insure existence of a solution ina sufficiently small neighbor~ 
hood of the origin. However, at least two solvtions, valid for all 
(x,y) in the finite plane, are directly available. Firat, 1 «# O 
odviovsly satisfies. Second, if we seek a solution u satisfying 

i) u 20, 


i4) there exist functions X, Y sueh that 
u(x,y) = X(x) © Y(y)5 


that is, by the method of separation of variables, we obtain imme- 


Siately the solution u(x,y) = L_ x? y*. 
18 


For purposes of Llllustrating the various situations that might 


oceur, we give the following: 


Example 2. Consider the characteristic initial value problem: 
s, 
(2239) U xy = |ux| 5 u(x,0) Ss u(O,y) 1 Oe 


Here £(x,73 Us BP,G) = \p|" is continuous for all p mt fails to 
satisfy e Lipsehitz conmiition on p at p =U. Since p(x,0) x= uy (x,0) 
= 0 neither Theorem 1 nor Theorem la vill insure existence of a 
solution over any domain including a portion of the x axis. Such 
solutions do exist, however. One isu # 0. Under the assuzption 
Psu, >O we obtain another, for now 


& 


pa 
Pp =p or 
> _ gf. 
pe = 2p* =< y + Gy - 


Since p(x,C) #0, ec. = O amd 


1 





Psu, = y* or, integrating, 
4 


Since u(0,y) - O, ce, = O; and hence 


is a second solution valid throughout the finite plane. 


In Example 2 consider the function 


| @) for x <Q 
" a for x20. 


. is continvons for all (x,y) and satisfies the initial value 
problem (2.29) everywhere exeept along the y axis, where for y #0, 
Wig (Ory) does not exist. Roughly speaking, uy is a contimous 
intecral surface of problem (239) having a jump in the normal 
first derivative across a characteristio. 

For equations meeting the contimity, boundedness and voartial 
Lipschits requirements of Theorem la we cannot match integral sur- 
faces in the above fashion to obtain first derivative jumps across 
eharacteristics. This follows from the fact that 1f we prescribe 


u(a,y) = Viy) e Ct(LO0,f, |) along the characteristic xea, 


a eLo,f, | » then 


(2.40) pi (a.y) - fla,y; Vly); pla,y), V"(y)) 
p(a,O) = 0 


represents a first order ordinary cifferential equation for the 





unknown function p = vy umMer a one point boundary condition. The 
conditions that f be costimous, bounded and partially Lipschitr- 
San ars aufficient to insure the existence of a unique determina- 
tion of u,(a,y) for ye [9,%, | e Rote that in Example 2 the fune- 
tion £ was contimons only and hence the determination of u, from 
the above orcinary differential equation was not unique, thus 
admitting the posslbility of a jamp in ue The conmiitions for 

the determination of +, along a characteristic y # const. are 
similer. 

The above remarks serve to permit the extension of the domain 
of existence of the interral surfaces of Theorems 1 and la from 
R to R*: “hy < = ° The arguments for the existence may 

“It, a v<l, 
be made applicable to other quadrants than the first by mere co- 
ordinate reflections. Woreover the integrals obtained in the 
separate quadrants must have first order contacts with eaeh other 
alons the coordinate axes by the above reasoning fros ordinary 
differential equation theory. Hence we may obtain existence and 
replecing ( -f,< x= f 


uniqueness over the concin a by B by B 


“a2 -|— u-<—a 


-b, = p<=b, 
“bo <9a=5, 
in Theorem 13 and we obtain s’mnly existence over n° by replacing 
rR by BY in Theorem la. 
In the classical existence theorem for the ordinary @ifferen- 


tial equation =. = f(x,y), with y(C) - 0, the conditions that f 
x 
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O<k 


=— 


max 
be continuous on C% » with B =/\f| on C, were shown to 


“b< ys b 
be sufficient to insure existence of at least one intecral curve 
yz ylx) forxe[0,%] with << min(a,2). This bound, 

A< min(a,=), was shown by A. WINTHS). [15 | to be a maximal bound 
in a certain sense. We apply his method to Theorem la in the 


proof of the following: 


Theorem 2. 
———— O<cxc Ki 


Ozy<f' 
7 I 
-“@3<UuU < @® 


“b.< G< be 


If, in Theorem la, we replace 5B by 2": 


and require that f be bounded thereon, then hypothesis 3) in that 


theorem recuceg to 


by 
- 


whers Ms max \r| on 5". Morecver, the vounds established ty 3) * 


3)" fy < sinh}, 27), f, < min (f), oh), 


are maximal vounds in a senss to be explained below. 


Proof. 


The condition K kh, foc of hypothesis 3) is immediately 
satisfied since a approaches + o. The conditions ™ f) < bo, 
af {<> may be rewritten as in 3)" and are now the only restric- 
tions on f, and f.,. 





f vo t b 
If I< 2 (f, <5), then the conclusion is imneciate. 
x 
Por, we may take ((x,y3 13 p,@Q) = h(x), (aly)), which function is 
f § 
not even defined for x >k, = ky (7 > fhe = f.)- 


Suppose , > « Then we consider the sequence of problems: 


(2.41) Usy = (gi/™ - a vert 


u(x,0) = u(o,7) z O, (mal,2,°°°)e 
Setting ps uy; (2.41) becomes 
Pp, (xy) 2 (2i/m - p(x,y))/™*2, p(x,0) = O- 


Intecrating this oréinary éifferertiel equation for p as a 


funetion of y, ws ovotain 


p(x,y) = gi /™ ° on a —y | m+) /m : 


m+ 


Put, since p s u, and u(O,y) = © we may intercrate again 


oe 


to obtain 
o nl /m m m+1/m 
= snr) ex 7 oe -| Sate, - 9 ™" 
where 
1 
(2.43) ce SL gt 


m ral 


The lins y #« GC. is a tranch line of the solution ne Under 


q 
the supposition >= » the desired statoment is that ot is @ 


-] 


maximal bound on {_, ise., for each €>0, there exists a function 
é. 
| 
£(x,y$3 23 PyqQ), Cepending on € and satisfying hypotheses 1), 2) 
ani 3)' on "", such thet en interral u(x,y) of the problem corre- 


sponding to f has a singularity for some y ¢ (2 j a +E Jeo 





Defining 


(ella P > —_ e/a _ . gifarl 


I U3 Pea) = P< 


(m 2 1,2,°°°), we obtain 
Din ~ p/m | x = (ei /= oa gh/m+1yl/m+l, and, since 


cel/™ , pl/m+]) = 2 (m 2 1,2,°°*), 


Horeover, by (2.43), 


lim C.. 2 af ® 
R-> OD 
Fence, given <€ >, there exists a positive intecer FE, derending 


en € alone, such thet m > 8 = 


im Oi 
ee re > > ; 


b 
Consequently 1 is a maximal bound on kos 


To determine that the condition f, < min (Ly 2 ) te also 


@® maximal bound we consider the sequemee of problems. 


e644) u_ = (e™ Fer u(x,0) w u(0,7), (mo 1,2,°°°), 


XY 
and follow the same line of reasoning as before. Thus Theorem 2 
is verified. 


The close parallelisn Setween our conclusions and the clase~ 


eal theorems for first orter ordinary ¢ifferential equations 





(See F. TAMKE [2] ) leads ome to suspect that an existence theorem 
might be proved wherein mere contimity of the function f was de- 
mandecd. The analogue to the Cauchy polygon wethod is the attack 
surgested by the paralleliam, and it leads to an existence theorem 


for the characteristic Initial value problem: 


(2.45) - f(x,y3u) , wu(x,0) = u(0,y) 2 0. 


“xy 

We do not give the proof heres; first, because the theorem 
is a special case of Theorem la; and, second, because the steps 
in the proof are practically identical with those of the Cauchy 
polygon method for ordinary differential equations. 

When f = f(x,y3 us p,q) and f is merely contimonus this 
attack involves difficulties which we have not been able to re- 
solve. We sketch the methoé to indicate the source of tronbles 

In a neighborhood of the origin a partition Tl! by 
characteristics is specified where the 
subrerions Fv in the first quadrant 
are defined as 


A,st\ SRL yg 


1) (1,j©0,1,2*°*) 


es 





we fornmmlate the approximate intesral surface u corre- 


sponding to the partition 1) ae follows: 


J 


(2.46) ua(xexd =) axl F(f,)) d 
1 ie ve al L 


O 


where 





ol 


(2047) Py (mex) = PR, 8 By (xy oF Oa, (Mery)» 


u Ty (x,7,)) 


for (x,y) E Ary? 


fhe principal difficulty lies in the feet that the derivatives 
J 
(2. 48) ‘. 4 B(x) dy ana 
0 


x 
(2.48) Uty =( Ey, (gsy) d& 
0 


are Ciscontimous across the partition lines x ea constant and 
y = constant, resrectively, tnus preventing the direet application 
of APZSETLAts theorem on eqvicontimous functions when we consider 
the sequence of approximate integral surfaces formed by partition 
refinenent. 

Te eqvation of (2.45) appears to be more amenable than the 
more ceneral equation involving the first derivatives p and Ge 
GC. Rink [16] Pe 62°, by demanding only that 7f(zx,yju) be continu- 
ous and Lipschitgian with respect to u, has proved the sxistence 
of a anique interral of Wey z= {(x,y3u) satisfring Dirichlet eon 
ditions, i-@. the value of u preserivbed on a closeé contour. This 
res. lt, while remarkable, is not contracictory since u is shown to 
have a discontinuity of the second type at one point ef the 
boundary e 

Se conclude this chapter with the statement of the extension 


of Theorems 1 and la to a savrstem of equations 





$2 
(2.50) 8, = £,(a,93 Wy 2° °° oy Dy PyeGs a * eG) (tel, 2,°°* 9 
satisfying the initial conditions 

(2.51) u,(%,0) su, (0,7) © O , (101,?,°°*,n)- 


Theores 3, below, ie a natural extension of Theorem 1. In 
principle, it was first obtained by 0. Biccor7TT: |14\|p.7. His 
statement, however, is not explicit about the Bboundte on the domain 
of existence. Moreover, to prove uniqueness he requires the f, to 
be of class ©'. We ebtain the Improved statement, Theorem 3, by 
modifying the arguments of 7. KANET Ye | pe 402 aré pe 403 to apply 
them to the syetem (2.50). 


Theorem 3) 


1) £, (x73 Uys Pry) 6(B"), Bs 


2) The f are Livachitzian on 5"3; i.e. there exista a positive 


constant K suveh that for (x,y3 al; pis, qy) <= E*, 


(x,¥3 u” > psa” Je H*, amd 1 a 1,2,°*°,nh, 


1 


j : 
| £, (593 ass Pp pry - £, (xey5 uf pea 3) 


nm it 8 3 2 ! 2 
3) # Ly f,< a, # fy <b,, ¥ {,<, where 


Mos max } ifylerre, ital on B". 





m 


Rotation: (x,73 445 PyoGs) =x (x,y3 Uz sees st sPy °°? oDos 


G4 9°° Gide 





==> 4) There exists one and only one set of functions 

pase mo f , v, (7) 2 CUR), Uy (eer) © CCR), (Jnl,"° om), 

where ae <= x <f, » such that for each (x,y) < R the point 
O<y<f, 

(xeyag (Moy) By y(eoy)s By (xey)) © BY, and 

Re gy ZF) & Ly lxeyimy(Aey)s Uy (HoT) s By V(erT))s 


u,(x,0) ew u,(O,7) = O, (12 1,°°°,n), for each (x,y) < Re 


Ry relaxing hypothesis ©) we obtain the improved theorem 
below; which stands in the sare relation to Theerem 3 that 


Theorem la does to Theerem l. 


Theoren da 
1) 
e)' The i; ars partialiy Linpsehitzian on BY; 1.e. there 


exists a positive constant KE such that for (x,73 uy; Pye ay) Ee B*, 
(x oo tae 2 ) me nad 4 1 & 290 
oF HG osP sex 5 en», @ = 4g A 9 9 Thy 


? 
| fy (x,y¥3 Wye Pies GIy) - Sy lesye uw Ps a) | 


j 


3) 
t 
== 4) There exists at ieast ome set of funetions ‘i ae bs 
ES COD n 
{x,y) < C(R), (jul,***,n), where 


wy (xyy) < CR), Bh xy 
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O<x<f, 
Rs » euch that for each (x,y) = Kh the point 
O<r¥<f, 


(x,33 a, (%o7)5 Wy (FoF) Bey kev?) e B", and 


u qu af, (x73 we xer)s By (ters Us (Xe) )s 


& 
dw 


u, (x,0) = u, (9,7) Pd 0, (2 2 I,*?*m), for each (x,y) e Be 


The proof ef Theorem Sa is assentially a atep by step repe~ 
tition of that for Theorem las WEILEPSTIASS' theorem tells us 
that for sach rositive interer i there exists a sequence of 
polynomials ; e § (x,¥$ was PyoG,)s (\ 2 1,2,°°*), converg- 


w\PrYy ft e v 
ing uniformly on B" te fo(x,y¥3 2,3 Pyo94)s He extend the g, ) 


J 


and the f, as before and obtain that there exist positive cen- 


stante Ly auch that for each 2 l@\< L, on B", extended, and 


4 
for all > . Ye let L se max {Ea stt*, bé and proceed as de- 
fere, using Theerem 3 in place of Theorem 1 to obtain the interral 


Us) aesociated with each Bs ° 


he note only one point of signifieant difference in the 
argiments. In place of inequality (2.13) of Lesma 2 we now have 
the inequalities 
ee? = Ud, x(x 97) | 
<x) JBlay al x X20) -4 5, «(2 ,h ig ah 
(is L.5teinegaon)e 
Summing these, and letting 


Z(y) = = \u » oe «(%oe7) - 5 af®e3) | 9 


isl 


we odtain 





y f 


to which Lemma ] applies. Thus the equicontinulty of each of the 
sequences ya i 2 (4 pal 1,°°*°*,a) is ageureadce 
LD 9k 


Remarks a) and b) te Theorems 1 and la apply, with obvious 
modifieations, to Theorems 3 and 3a. Woreover, ae before, we may 
extend the comain of existence of the integral surfaces of 


a, ax<cf 
Theorems 3 and 3a from F to rR’: ° 


hi<y<l, | 
2 
The sst of functions Seer a3 represerting the solution 
to the problems of Theorem 3a cannot ve shown to be unique. This 


fs made ovident by extending ‘xample 1 to the eysten 


{ 


“texy * |u| i 4, (%0) =u, (0,3) = 0 


“oxy * 0 > a (866) sui(O,7) # 9 
; : : 
“as = G ; u(x,0) = u_(O,¥) - 0 
for which 1, = 0 (4 @ 2 ,***,t) 


while a, = 0 or u, = i x vy’. Thas at least two seta of solu- 
i6 
tions are possitle for this system which satisfies the hypotheses 


r Theorem Sa. 





CHAPTRA IIT 
The Cauchy Problem for ~ = f(x,y; wu; aes_ie 


The development of this chapter closely parallels that of 
Ghapter II. Consequentiy, the notation will be abridged, in 
particular with respect to the argwrents of functions; and tm 


proofs will be merely outlined to show minor variations from the 


atatements in Chapter 2. 


Por reference, we state the following theorem proved first 


for systems of equations by 0: NICCOLETTI [14] pe 7. Our state- 
ment may be easily inferred from that of E. KAMKE [2] p. 408 and 


pe 410, by a slicht modification of his proof. 


Theorem 4 


1) £(x,y34speq) < C(B), 

O<x<f, 

Be 
09<y< f, 


“a<ucea 
-b) <P< by 


“bo <Q <>, 


O t ‘ 2) £ is Lipschitsien on B, (as 


~ 


defined in Theorem 1). 


3) uy ln < % af, <d,» ef, <>d, 


@) <x<f, { 
4) VT: where (x) e C((0,f,]), £ (x) #0 
for x < [0,f,) and ¥ (0) = fo» 


Y (fi) = 0, 


» Where M = max |f| onB 
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—> 5) There exists one and only one function a(x,y) @ C'(R), 


Wy (sor) e= C(R), where 5: 





» sech that for each 


(x,y) e MW, the point (x,ys x(75y)s u (x,y), ui (%»y)) Ee B, and 
Boy *FT) = f(x,y3 ulx,y)3 u (xy), m (mont), 


v(x, P(x)) 2 (*, Y(x)) = @ Ans Y(x)) 2 © 
for each (x,y) & Be 


Remarks c) Suppose we preseribve u(x, Y(x)) 2 U(x), 

u(x, V (x)) = P(x), u(x, G(x) - O(x) where U(x) € en y o,f, ) 
while P(r), @(x) e af L05f,_| jo Our prescription mst satisfy 
the strip comiition U' =P ++)! for each x </0,f, | - 
Consider the function w(r,y) - Ufr) + (y = W(x)) Q(x). Clearly, 
"xy 7 Q'(x) while w (x,@{~)) 2 U(x), w(x, O(x)) © P(x), and 

wy ae 7 (ad) = G(x)» Hanee the fanction v «uu - w mst satisfy 


y = G'(x) + F(x,y¥3 ¥ + w3 —+« i mye with v(x, 0 (x)) 


xy ¥ 
= v(x, Y(x)) = v(x, 0 (x) ) 2 O, & problem of the type covered 


x? * 
by Tr@orem 46 

&€) UNypothesis 4) of Theorem 4 is more restrictive than 
{t need be. At iselated points of V we may have a horizontal or 
vertical tangent, provided thet VT does not creas the sase char- 
acteristic more than onea. For, wnder theee conditicns the in- 
yerse function V to Y will exist and be contimions for all 
ye Lo, | ° 


fur improvement of this theorem is as follows: 





1) 
@)" f is partially Lipschitzian on B, (as defined in Theorem 
la). 
3) 
4) 
= >5) There exists at least oat Tungtion u(x,y) e C(R), 
u__ (z,y) € C(R), where R: Ze 1. sueh that for each 
xy S9<y<f 


2 
(x,y) e fh, the point (x,y3 ul(x,y)3 ez i %aF)s ulm) e B, and 


‘, y77F) = f(x,y; ulx,y)3 u xi %oF)» u(xey)), 
a(x, ((x)) 2 ui(z, Y(*)) = an = 0 


for each (x,y) < R- 


Xs WY (y) 
O< y¥<f, where 


Vly) cere Los, |), U'(y) £0 forvye|0,f,|- UV 4s the 


inverse finetion to VU. 


Outline of proof. 
The path YT may also be expressed as TV: ; 


we may expreaa the problem as the interral equation 


x ¥y 
u(x,y) » ven? | ne Vs °" usu, Ui) a D 


(3.1) 


ont! av ps? HL mms 
(2.2) ui(xyy) = ion f{x, Fay ety AN 


m 3 us Dy oy Jae. 





fy SEI ERSTRASS! theorem, there exists a sequence of poly- 
nomials iT: & aes on Be We extend the comain of definition 
of f and the polynomials By over B to F' by definition (2.1). 

Re obtain again the constant L > 0 such that le, \<t in Bt 
for all r-~« Moreover, for each By the Lipschite condition 
(2-2) is satisfied. Thus, by Theorem 4, for each » there exists 
aunique solution wu d to the problem 


(3.4) ®) xy 7S) EBL EB) ye * oy” 
ue Y(x)) = yx ™ (go (x)) ae | .y 


That the sequences Faye > Serr 5 Su wea are 


uniformly beunded on R, and thet the sequence Su re is equi- 


(x, (p (x)) 2 O. 


continuovs on R is immediately evident from the equivalent inte- 


eral expressions 


X ¥ 
(3.5) wu. (x,y) = A \ a (c,h3 38 ast ) a 
y x 


~ ah\ ge. (¢ psu, ju vi ar, 
Vo eartt\ U th) » 15 ae) ©) ee ie 


Y 
3.6) ? ( 2¥) - 9 > 3° 9 )a 9 
«1 wad vet " ra * hex doy y 


x 
(3.7) a) gltey) *\ yey”) CE sys ny 3 * ™ dy’ at 


Ve now estabdliish the equicontinuiity of + a) me and of } a, { . 
y 
This done, the same arguments as those for the proof of Theorem 
la will serve to obtain a subsequence du we of yn rf which 


converges uniformly to the solution ue 
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There {s no loss in generality in restricting ourselves at on 
O<z2< 
point to the consideration of those points (x,y) G4 R 7 1. 
2 - 
Q(x)eyek, 
Por we shall see that the arguments developed below will apply 
= 


O=a xc, 


as well for (x,7) <€ R.: after a simple coordinate 


LC 0<y S@(x) 
translation and rotation. Thas if we insure existence of a ao0lue 


tion on ty exiatence on KH. is similtaneously verified. Moreover, 


1 
the Cauchy initial data insure that such integral surfaces have 
a firet order contact along VT and hence define an integral sur- 


face throughout all of RK es Ry + Ree 


Siven points (xo9¥ 3 < it (x, 59) e Ras it ts always possible 


2” 
to latel these points in such a way that (x, oF) 3 3° This being 


Gone, we have that 
(3.8) | u ie tart - U ds ae 171) = £ \ Ve + y, | # 
(3.9) | + | i 7 2% 9! - UU 7 '*1 270) | <b | Xo al X, | e 


Assuming, without loss, that y 2 O (x5) POR) s we have that 


’ =si ~- y 
(3.10) u , ix %oeF) a2) x %y 99) =( Sina E (x54) 0) 5B) xP?) y? 


“Ey (mPa sy got yg) | ay 
\ ae - 
i (x,y ES Mase A ay 
re operate on the first integral on the right hand side of 
(3.10) in the manner demonstrated in equation (2.90). We obtein a 
formmlia identical with (2.90) except that here the lower li=uit 
of integration is y = (9 (x,) instead of yx 0. For brevity, we 


omit the formola. 
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Since 


U0 (X-) 
(3.11) ha “35> (x, of ay my ry ydaly| 
> . 
Lh ley) - Yh) s C\ate2e?*) 
and since YY (x) is uniformly contimous on | 0,f, | » oy the same 
reasoning as before we arrive at the slight modification to 


Lemme ¢, 


(3.12) \e) x Fo? =e» (tpn) | 


ra be) salen DP my layed] 2Y tat 
£ 
from which, by Lemma 1, 


(3.13) | \ x X_eW) e a> i®er) | a (4d eX” VI%Q)) 


< (urs rorke . 


The equicontinuity of a cat is thus assured. 

The argurent for the equicontinulty of a vr is similar, 
hence Theorem 4a obtaina. 

Remarks c) and d) to Theorem 4 apply as *ell to Theorem 4a. 
suite obviously, if f is eontimious, dsouncéed and Lipsehitzian 
(or partially Lipsehitrian) on the infinite cylinder with cross 
seetion R, then hypothesis 3) of Theorem 4 (or 4a) is immediately 
satisfied. In fact, this was the form of Theorem 4 which was 
utilised in the proof of Theorem 4a. 

A8 previously mentioned, the extension of Theorem 4 to systems 
of equations was first obtained, in prineiple, by 0. MNICCOLTTTI 
} 14 | « Ke was not, however, explicit about the domain of exist- 


encs of the solution. The following statement may be derived 
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from the same arguments of FE. KAMKE Le { pe 405 and pe 410 used 
as the basis for Theorem 4. 


Theorem 5-« 
1) £,(x,y3 Uy» —P a? Py» —y P.? Q5» —? a) ] C(B") 
| O<E < fh, 
Be 
O<y<f, 


(4 = l, —. N)-e 
“a<u,< a 


"= 


2) The f, are Linsehitzian on 5", (ae defined in Theorem 3). 


3) & fy fo <% ¥ fL,< ®° M {, <> where 
Mie max 5 \f, 2 2°%, \t,\6 an BN. 
4) 7 ‘4 where (P (x) = CN(10,f,1), Gtlx) #0 
ys (p (x) 
for xe [0,f, | ané (0) = I.» th) =~ D6 


==> 5) There exists ons and only ons set of functions jeer ony? 
u, (*,¥) eci(Rm), Ws xy (%¥) <= C(R), (1 =1,°°°,n), where 


O<x<f, 

ae » @uch that for each (x,y) <= R the point 
O=¥y< 

(x73 a, (2y7)5 Uy oF)» Us yimeVle B, and 

We gy X ey) = £, (2553 uy (%eF)> Dy (ey) Us oy %oN))s 


u,(z,@(2)) = yg (%> Ylx)) = Uy y(%s G(x)) 2 O, 


(1 = l,:**,n), for sach (x,y) < Re 
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We may extend the argumerts in the proof of Theorem 4a to apply 
to systems of equations. The extension is practically identical 
with the previous extension of Theorem la to Theorem Sa, sxcept 
that now Theorem 5 is used to establish existence snd uniqueness 
of the solutions of the syvetem 


ML oxy Ey ) (*e¥3 a BN ; J) BY x? al d\»y?? (4e0,°°*, n), 
(A= 1,25°°*)> 


umder the Cauchy initial conditions. Ye obtain the following 


Sheorem: 


Theorem 5a 
1) 
2)! the f. are partially Linschiteian on F", (ae defined in 


Theorem Sa). 


4) 
==> §)' There exists at least one set of functions }aprrrrvay 9 
a, (x,y) e c'(k), Ws xy %9V) S C(R), (1 #2 1,°°°,n), where 
" 3 aa h, 
ns ecvck, 
(x,y7)3 By x (Fer)s By yim) RK, and 


» such thet for each (x,y) GR the point 


(x,73 u 


J 


Uy xy te) 2 fy (eoys Uy (AeT)E Wy Lf Xey), gry (%er)), 


a, (x, (0 (x)) = Uy (Xs (0 (x)) = Wy yi YP (x)) = O, 


(i © 1,°°*, m), for each (7,y) < PR. 





a4 


remark c), with obvicus rodification, anc Remark 4) to Theorem 
4 apply as well as to Theorems § end Sa. Moreover, in Theorem 5 
(or 5a) we may eliminate hypothesis 3) by demanding that the f, 
be continuous, bounded and Lipschitgian (or partially Lipsehitzian 
on the tnfinite cylinder with cross section RK. 





CHAPTER IV 
Existenee Theorems for Canonical 
Hyperbolic Pirat Order Systems 

in this cmapter, an@ in Chapters 5 and 6 as well, we shall not 
give explicit domains of definition for the functions involved in 
the differential equations. As ea consequence, existence will be 
shown “in the small" only. We do this because our method of attack 
will not yleld any improvement upon the domains of existence, no 
watter how large the domains of definition are taken, provided the 
other hypotheses are not weakened. We shall elaborate on this 
peculiarity in the course of the expositioa. 

Theorens 6 and 7 belowwre given by Me CINGJINI-CIBRARIO [12] 
Pe 180 in the form stated. A statement under somewhat weaker 
hypotheses, but based on the same proof, may be found in R. 
COURANT-D. HILBERT [17] p. 324. We examine the proof to show that 
the arguments therein are independent of the uniqueness of the 
solutions to the problems involved. As a consequence, our re-~ 
sults in Chapters 2 and 3 apply and we arrive at the improved 
statements given by Thecrems 6a and 7a, where hypotiesis 2) of 
Theorems 6 and 7 is dropped altogether and the cerresponding con- 


Clusions are altered to read “at least one". 


Common hypothesis 1) ‘We shall suppose the functions Orn? %y, 


{1,k"1,°°°,n), cf arguments x,y,uU "ee ,Us to be continuously dif- 


“* 
ferentiatie with bounded derivatives in a certain domain DPD. Fur- 





ther, we suppose the determinant 
(4.1) lay,| #0 iD. 
Under these assumptions, the system 
n 
(402) ) A,(x,y) * —m Wy x (XeT lacy = O, (f=1,¢*¢,m<n) 
n 
Bi(ay) => a, Ney (RT) “e, = 0, (iem+1,°°°,n) 
k=} 
is called a canonical hyperbolic first order aystem. 


theorem G. (Characteristic initial value problem.) 

1) 

2) All first derivatives of the Cunctions ee (1, k=l, ««+, 
satisfy a Lipschitz condition with respect to erzuments Uy o°*%oU, 


in De 
5) Uy(x) = €t([0,f,)) 
Vitxle C8l0,£,)) (fel, °+*,m) 
U, (0) ss V, (0) 
Moreover, for each x <¢ [Oef, 1] the point (x,030 )(x))“e D 
and 


re 
(4.35) pale | ines U(x) Ut (x) ~ &,(x,63U .(x}) = 0, 


j 


(i=1,°°°,m < n)5 


aid, for each y < [0,f.1, the point (9,73 V,(y)) @ D end 


J 


n 
(4.4) =a a, (007s (y))¥" Cy) - C, (Oey V jt) = U, 


J 


(imm+1,°°°,n). 


Se necall the notation: (x, ya sx)) = (x, yp (x), °°*,U,(x))- 
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= 4) There exista one and cnly one ast of functions 
ee ~# 
Suse ya t y¥(are © (Fy )s "a 
where F) —, Hky , wttho< h <1 and / safricientiy 
O< ye hf, 


€ chy )s (i = lp’ *y A), 


etall, such that the set of finetions satisfies the system (4.2) 
for each (x,7) < Ph and satisfies the conditions 
u, (%,9) © U,(x) for xe|0, fh | of 
a, (Oy) 2 ¥,ly) foryelo, £,] a 
Theorem 6a. 

1) 

3) 
== 4)' There exists at least one set of functions, ete. (as in 


Theorem 6). 


Theorem 7. (Cauchy problem. ) 
1) 
2) (as in Theorem 6.) 


xs x(t 

Ss) v2 for T elo,1\, x(T) and y(T) © C1) G,1() 
ye y(7T) 

and strictly monetone, i.e., k #0, § #£ O on [O,1|. 

U,(T) e CH(]0,1|), (1 2 1,°°% nde Por each Te 10,1[, the point 


(x(T), y(C)s U,(7)) € De 


J 


—>S 6) There exists ons end only ons set of functions jaye tou,’ 


a, (ey) eci(t+-), (x,y) e CIR), (1 = 1,°°* yn), where R-. 


"4 xy 
fe a sufficiently small neichborhsod of the curve YT, such that 





the set of functions satisfies the system (4.2) for each 
(x,y) eR, and satisfies the conditions 


a, (x(Z), ¥(T)) # U(T) for Tel0,1], (4 = 1,°°*>m). 


5) 
=> 68)’ There exists at least one sst of functions ete. (as in 

Theorem 7.) 

The proofs of these theorems are contained in the followe- 
ing arzuments 

Suppose we have a set of functions Su, sera, t , either 
aea solution to the characteristic initial value problem above on 
a Gomain alii » OF as a solution to the Gauchy problem above on a 


domain KR » Then for either case, 


n n Lay 
4.5 a = >. 2 YQ i. |e = a . Oo &sy e 
( ) “t,¥ Kel $ iz Kay nl LK,y rel 2 tp "'r ¥ ye ox 
n 
ac 
- 6 =a» 2 0, (4 2 1,°°*,m<n), 
i,y kaldu, Key ‘ - 4 
(4.6) 28 + o &,, i +S . + ° Mik u u 
ie, Kel ik K,xy K iK yx rel Qu vx Key 
+e a Cc 
i, «*« ie, O, (1 = mtl,***, n). 


Tquations (4.5) and (4.6) are n linear algebraic equations in the 


n unknowns u - Sinee the determinant of this system ,|a,, | : 
i xy k 
Goes not vanish over the domsin in question, we may solve the 


system to obtain explicitly 


(4.7) Mh yxy s £,(%9¥3 >? Wax? Bt (i = 1,°°* Me 


Under hypothesis 1) alone, the f, are contimous and partially 


i 
Lipschitsian over any bounced domain in the In + 2 ecimensional 
(x,F3 Wye By xs +, ,)-een where (x,¥;3 ule De If hypothesis 

2) also aprlies, the f, are "fully®* Lipsechitgian over any such 
domain. 

Consider Theorems 6 ané 6a. The cheracteristic initial condi-e 
tions impesed therein, coupleé with the system (4.7), form a 
problem of the type considered in Theorems 3 and 3a, respectively. 
(Chapter @). We have shown above that any solution of a ocanoni- 
eal hyperbolic system is also a solution of a particular system 
of type (4.7). If we now demonstrate the converse for character~- 
fetic initial conditions, i.9. that any solution of the derived 
evatem (4.7) 1s also e solution of the orlginal system (4.2), then 
Theorems 6 and Ga follow directly from Theorems ¢ and fa respee- 
tively. 

Suppose we have a set of functions Say sheaf as a solution 
of (4.7) over a certain domain including the initLel character- 
istics. Py (4.5) and (4.¢), which are merely alternative forns 


of (4.7), we havé 





8 
Oo 


(48 e©1,°°°, = <®) 


13 
Oo 


» (i & mii,geee, n) 


(x,y) 
(4.3) | a / 


By yx (Xe¥) 


ever this domaine But, by (402) and (4.4) of hypotheeisa 3) to 
beth Theorems 6 and 6a, we have that 


A, (0) = O » (2 © L,°**) m@ <B) 
(4.9) 
B, (O,y) = 0 » (2 =o m+i,°°* wv), 


whence 
A. (7) =O , (hk e@ly**, @ <n), 


B, (x,¥) = (1 2 m+l,°°*, nm), 


| 


throuchout the domain. Hence the converse is shown. 

ror the Cauehy problem considereé in Theorems 7 and Ta, we 
ovserye first that we can determine My (ele), y¥{(7T)) ana 
My SET Is y(t )), (1 = 1,°°*,n), as funetions continuous for 
each Te JO,1 | » sOlely from the prescription of u,(x(o), y(7Z)) 
= U,(T), (i = 1l,°**,n), and the requirement that the canonical 


hyperbolic syaten (4.2) must be satisfied at each point of Ve 


for, since x + ¥* ~ 0 along VT, we may write the strip conditions 
(4.10) a, = Py x + a5, (2 = b,*** th, 


as one of 


a 


(4.11) 4, ® | (By = pk) or py = & (8, ~ ah), (1 = Leryn 


Considar a particular point P e\ where y 40. Here we sibdstitute 
E,(P) = 9, (Lem+1,°°°,n)- 


1 +e . 
Gq, 54, y# = p, x) into equations 


These, toréether with the equations A, (P) * O, (1 2 1,°°°, <n), 





Sl 


form a linear algebraic system in the P, = Me xP) with geter- 
wi nant le, i | #0. Thuis the P, are uniquely determined at P, and, 
by (4.11), the q, ae well are uniquely determined at P. If § » O 
at Pp, then x ¢ O there and a similar argument applies utilizing 
Pp, = r (@, *° a,¥)- 

Thus wa have, in effect, prescribed all three sets Us,» U 


i,x’ 


By? (1 ¢1,°°*,n), along T onee the u, are prescribed along YT 
9 


ang the u, o and the u are merely required to satisfy the 
“~ 9 . 


i 
strip conditions inet ene the canonical hyperbolio aystem at 
(4.2) at each point of T. 

Suppose we have a set af functions ; ase, % § as a solu- 
tion of 
(4.7) * as = f£,(%,73 uss Us x? Uy yg? (£2 1,°°°,n) ine 
reiphborhood of the initiel curve Y and taking, with their first 
Gerivatives, precisely the above determined values at each point 
of VT. Then by (4-5) and (4.6), the faet that these functions 
and their first derivatives satisfy the canonical hyperbdbolie 
system (4.2) at each point of » implies further that the system 
(4.2) corresponding to (4.7) 1s satisfied everywhere in the 
neighborhood in question. 

With hypotheeila ?) imposed, system (4.7) and the initial data 
on V satisfy the hypotheses of Theorem 5, while without hypothe- 
sis 2), system (4.7) and the initial dete on y satiefy the 
hypotheses of Theorem 5a. Wt since we have shown above that each 


soletion of (4.7) is a solution of the correspending canonical 
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hyperbolie system (4.2), we have that Thecrem 7 is a consequence 
of Theorem 5, while Theorem 7a is a cons: of Theorem 5a. 


In theese four theorems we are unable to prescribes the donmait 





of Gefinition of the functions 
£, (xy a ly PyoG,)s (1 =1,°°*, mn), 
in such eae way as to inaure existence of a solution throughout 
O<xac ff, 


- This is because the f, are continuous for 
Oc<cycf 


2 
all Ps snd Gye (fj = 1,°°*,n), but may turn ont to be bounded only 
vhen theses variables are restricted to finite domains. The fol- 
lowing example demonstratgs why the existence of solutions ean be 


found only “in the small”. 


Txaeple 3. Consider the cheracteriatic initial value problem 


for tne system 


2 | - 

sot ~ Ss ; ui im, 1) ex, w, (0,9) - 0 

“Ve.xy = 0 Py un(x,—1) = Cc, 3(0,7) = 0 
: 

*. 09 * 8) , un (aerd) = 0, a (0,9) = O. 


Py quedratures, we obtain the solution u(y) = on while 


——m » 
vv 
ue_eq°’ @ a. = 0, quite obviously. The f, corresponding to this 


probles: possess cerivetivoes of all orvera for ea11 valves of all 


variatlies. However, fy =. vecomes urbaoindec as the arzusent 


2 

1,X 

Uy x increases inéefinitely in absolute value. Se note that, 
9 


Sespits the specification of initial data everywhere along the 





SS 
interaecting character'stics x s O aml y «x -l, the first funetion 
in the solution, vtemely U,> hes ae Siscontimuilty across the ‘line 
ye. Hence this example typifies thowe cases for which solue 
tions exist "in the small" only. 

We note that Remark d) of Chapter Ii applies as well to 
hypothesis 5) of Theorems 7 and 7a. The statement is that 


Xe X(T 
v fl for Cc To,1{ neec only have x(7) and 
yz y(7T) 


wcie e({o,1|), monotone, and with x? + ad ZO at each point 
of VY. In fact, the argument in the proof above applies direetly 


to this statement. 








The Cauchy Problem for P(x,y; 33 Dp,G@} r,8,t) = 0. 


In this chapter we coneern ovrsslves sith the Cauchy problem for 
the genaral non-linesr second order partial differential equation 
4n the hyperbolic domaine Apecifically, the protlem is to deter- 


mine ar integrel surface of the eguietion 


(1.1) P(x,¥3 ws qs v,a,t) = O 


such that the hyperbolic condition 


5 
-<r,.¥, >9 


la satisfied thereonj moreover, the integral surface must have e 


» 


second order contact with a #fiven second order strip which is no- 
where a characteristic atrip. 

In his celebrated paper fno|, He. LEWY successfully attacke this 
problem by reducing equation (1.1) to a system of first order par- 
tial differential equations for the unknowns x,73 us p,G3 r,s, 
as functions of the parameters nN and [X of the two families of 
characteristics on the integral surface in question. LE#Y's 
existence proof for tne system is Cased ona finite difference 
argument. Howsver, the system ‘s of canonical hyperbolic form and 
the theorem of M. CING?I NI-CiIBRADIO, Theorem 7 of Chapter IV, is 
immediately applicable andé insures existence and uniqueness of the 
solution in a sufficiently small neighborhood of tae initial strip. 
Moreover, as demonstratec below, Theorem 7a may 68 used to effect 
an improvement on LUSY's work. 


te vresent similtareovsly L=7Y's original theorem ané our 





leprovement on ite LEWY's theorem is ovdtainsd by omitting the 
parentheses. Our theorem is obtainec by replacing the under- 
ecorecd atatements Sy the corresponding ones in the parerthesos. 


2 x(T) 

2 y(7) "or CeO, | is @ nowhsre cliaracter- 
2eul(t) tsatie second order strip, 

= p(T) 

3 q(Zz) 

= r{C) 


e (7 ) 





= t(z) 
Les X,y3} US Prd; v,e,t(Z) = c'([0,11), and for each ZeLO,1(, 
1) k2 +5? go, 
$i) PL, Fe PrP Rae a sO, 
{ii) Fr” - 49, 7, >, 
Sv) A(T), CT )§ BIT )s pl 7 )sQ(S)s r(2),8(T ),t(Z)) 
= 0-6 

2) Fe C'tt(ec") in se certain petehberhood of s*. 

%)} There extste ons and oniy one (at least one) integral sure 
face J: us u(x,y} of the oqvation F7(x,y3 23 p,g3 r,8,t) =» O such 
that u(x,y) < Ct't ima anffielently small neighborheod of the 

- 


1 2@ x(C) 


base curve T ¢ for ZeLo,1 | , and such that 


ye x(t) 9 
73 2 2 ulx,y) has a second order contaet with the strin s*“. 





Frost 

Te first Gemonstrate that any solution of the above problem, 
together with ite derivatives of the first and secord orders, 
represents & solution of a particular canonical hyperbolic system 
under the same boundary conditions. 

We eseume thet F, ¢ C and . # O in the domains considered in 
the following arpument. This may be done without less of gener- 
ality. For, vy Definttion la, a characteristic base curve muet 


satiaty 


(1.5) 


Suppose at a point of s* that °, = Oo. Then x = © represents the 
ve: tical tangent taken by one of the characteristic base curves 
throveh the projection of this point onto the xy plane. Con- 
versely, if one of the charecteristie base curves through a point 
in the projection of S* bas « vertical tangent, then x = O there 
and, consequently, _ = O at the corresponéings voint on 5". Li¥e-~ 
wies, 7, = O if and only if y = 0, in the sense above. Thus, by a 
suitable e¢oordinate rotation in the xy plane, we may inamre that 
*, #0 and *, #0 in a neighborhood of the point in question on 
¢*, tranting that this is a local property only and that the 
pPerticnlar rotation performs! may introduce values of re o or 

", 3 O at some other sufficiently distant points on s*, wa ob- 
serve. that this local prorerty is sufficient beceuse our proof is 


1itimately based upon Theorems 4 and 4a of Chapter I7I. In those 
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theorens the intercral ecuation statement of the problem made it 
plainly evident that the valwe of the integral at any point P 
depended only upon the portion of the initial curve cut off hy 
the two characteristics intarsecting at F. Conseavently, we may 
cons!4er the arguments below as applying in succession to small 
overlapring segments of s®, with coordinate axes rotated suitably 
for each segment considered. (See also R. COURANT - D. HILBeRT 
[17] pe 323 and p. 332.) 

Let nes assume that we have an integral surface J: uen(z,y) 
satisfying the conditions of either Theorem 8 or Theorem 8a. Ten 
by (1.5) we conclude that the relatec characteristic base curves 


are the two one-parameter families of curves Getermined by the 








equations 
(5.1) aN s Py => ’ 
(5.2) Tp pan fe * a 
where 
e . 
(5.3) py a tate are “t , 
OO ——————— 
“? 
e 
Yo = y -@- = 4 Fe OP 
= r ‘t 
(5.4) ef oe ee ‘ 
fe © ‘9r 


Pi and / » are furetions of the variables x,y} 13 D,@; r,8,t 
anc P, £ (Po 10 & neighborhood of s* by the hyperbolic condition 
(1.3). 

Consider the coordinate transformation 


xs (As ) 
(5.5) : pr 
ye yl Ayp) ° 
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Tne Jacobian of this transformation, 


(5.6) MAN P.. ~ vy. =) - (Py - Po) x) * > 

does not vanish in a vicinity of the projection of s*. This fol- 
lows since Py Z P 23 while x, = 0 would, by (S.1), imply 

r. 2 O, contradicting the requirement £2 + x” # O, (aimilarly for 


Xe )- Henee the inverse transformation, 


\ 2 » (x,y) 
(5.7) 
pee ye (x,y) 9 
exists in a vicinity of the projection of ". 


Along the characteristics on J: ueu(x,y) certain additional 
equations must be satisfied. These are determined as follows: 
Since F € C't'( e€ Ctt) and u Ee Cttt, we obtain by 


dt frerentiation 


2 F 7 
(5.8) Pot, + 7p 8 +t, 2 > Leds 


X x 
Ry Px + Vy Sx = , 
* .% +7, %¢ Sy» 
where 


(5.9) (Pi. = “p +P A+ Fb +P. 


q - x 
Similarly, 
", * mr, 8 ™ © = |F 
(5.10) Yr y "8 y v G y Lri, 
iy" tS = » 
* Sy + ¥) by = by > 


where 
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“ + Ps 
(S.12) [rl], = 7,2 +Pot + Pa +, 
Sinee \ is the parameter for one family of characteristic 
curves and, consequently, is the path parameter along each of the 
curves of the other fasily, the determi nant 


v i? 
f f t | 

(5.12) "9? + ¢ 

ZX, ¥, OO = pT) - 757) zn, + Pex) 2 0. 

) =) J) 


Hence the quantities an the richtehand side in each of the systens 
(3-8) and (5.10) miet be linearly dependent, 1.¢. in each system 
tho augmentad matrix of coefficients mist ts of rank less than 


three. Consequently, 
a > 


0 aN “8 ) 


(5.13) 


Recalling the assumption made without loss, 


aN > ¥) and ¥) #0, equation (5.13) reduces to 
! 
5 * 7s 
5s e o [ae A Lond s 


Likewiee, fros (5.10) we obtain the linear dependence of the 


rient-hend terms tn the form 


(5.15) Pty + Met Le v7) 20 


1lone the curves of the other farily of characteristics the 


following relations must be satisfied. These are obtained ina 
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fashion completely analogous to that used in obte!ning (5.14) and 


(Geld): 
(5.16) P.. r+ & ¥a,vlri, x, =0 
(5.17) Po Prep Mebu +Lel, 3, 2 


Yn.-acdition, the strip confitions 


Perxtsy 
(1.9) ‘ 
Q=2saxtt F 


mast be satisfied along any eurve lying on J: usu(x,y). In 
particular, they mist be catisfiec along any characteristic on Je 
Prom equations (5.1), (5.2),(5014) through (5.17), (1.8) and 
(1.9) we obtain the following system of "characteristic equations” 
1.6. @¢aquations which mast be satisfied along the characteristics 


on any integral surface J; 


WY, 2% * FL zx 0 


Yo ® Py) + D. Pe® > +TF Il, ® 20 
Ys = Pr 8, + Mt +L#ly yx, =0 

S. =U, -~PX, -Gay¥, 2 O 

eset “a d r A Lystem 
Ys °P, “Fs, ay, = A 


" 
© 


Yee, ew 


Yo #5, - Pe*® @* 


= 7 
ee Peta t Zain hat * 


© 





6) 
—_ Vae Pe *p8.+ Pbnt Lr, %, 20 


(continwed) ,~e2eu -px -Qy #9 
V4 x a al System 
ig 


W a Pip ~ My - 8 Se 2 O B 
V5 3 Gu E Xn ~ t Ty. » O 

We observe that System A of (5.18) is of canonical hyperbolic 
form in 2,73 “3 P,G3 ¥,&,t as Purctions of d end « Since for 
Theorem &, 7 e Citt, while for Theorem 8a, Fec'!, the soeffici- 
ents of all equations in (5.18) ere functiors of class °'! for 
Theorem 8, and of class C! for Theorem Ga. NZoreover, the deter- 


Minant of the matrix of aoerccicilents for System A, is, after 


interchange of rowe and columns, 


- fa 2 0 0 0 0 @) 0 

1 
a 0 i y, O 0 Qo 0 

' 

9) x 8) P1Fp 2. Oo ‘@) 0 

1 
(5.19) s: ss v. Zt 0 0 6 0 
+ % ‘s) 0 0 i C 0 
& 0 © O e) 1 0 
& $ 0 0 ¢) 0 0 1 

2 
= ’r r,” ° ra } 3 


1 

where thea coer ficients designated ohly by asterisks, #, Go not 

contribute to the walve of the ceterminant. Since P, ZO, ,. #0 
wagd wa ce bh & S 

_ a z Pe in a neighborhood of 5“, the determinant (5.19) does 


not venish therein. Renee any solution J: uan(x,y) of the problem 


of Theorem S, together with its first and second derivatives, 
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satisfies the hypotheses for Theorem 73 because the reauirement 
that PF e C!'!' is certainly sufficient to insure that the first 
derivatives of the coefficients of System A be Lipschitzian with 
respect to variables x,v3 us; p,Q3 r,s,t.- Moreover, the require- 
ment in Theorem @a that Fe Cf! insures that the coerficients of 
System A are of class C', as demanded by Theorem 7a. 

In the dW » or characteristic, plane, the initial base curve 

has the parametric form 

oo) v= \ (x(T ), y(7)) for tTe[o,il, 
pe p(T), y(T)) 
and is nowhere parallel to either the ) or 4 axes. Consequently, 
‘YT may be expressed in the non-parametric form 
a = @ (pr) 
where (P(p)e CY and Y'(p) #0. Tf we introduce )! « \ and 
wie" =s- YK) as new characteristic parameters, we observe that 

equations (5.18) remain unalterad in form. Hence we may assume, 
without loss, that the initial base curve VY has the representa 


tion 


(5.20) Nt Ke = 0 


in the pe plane. 
fe now demonstrate that any solution of System A satisfying 
the given Cauchy initial conditions is alse a solution of the 
problem of Theorems & and 8a. This done, Theorems & and 8a are 
immediate consequences of Theorems 7 and Va, respectively. 
Pollowing J. HADAWARD | 11 | pe 504, we show that for each set of 


funetions satisfying System A and the initial conditions on 
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ht = 0, the System 5 is likewise saiisfied. Noto thet in this 
pert of the argument we cannot adwit that p,g,r,s and t are de- 
rivatives of up. ‘This is now a matter of proof. 

Differentiating F(x,y3; uj p,qs P,8,t) vy y and observing 
equations (5.13), we obtain 


(5.21) yl “G2, % U,+P, O + Pay + F, Ye 


Hence x =O for each set of functions satisfying System A. How- 


ever, by hypothesis, F = 0 along ) +420. Thus F= 0 throughout 
that region where the set of functions satisfying System A is de- 
fined. This in turn Leplies that 


(5.22) =." V. + . +P. Y, +P, Ve + Py Y = 0 throughout the 
same region. By hypothesis, V = O in this region, hence 


(5.23) Vez Py Yio, Ye- Fa V 
therein. 
Since pife bs Pt » we obtain from (5.18) by simple algebraic 
Fy 
operat ions 
: fa Fae 
9en4 _ 
( ) P iA Pr) x m +8) 4, +H, 
= 
(5.25) call Y. = a4, + yy. 8 + H, 
we re 
(5026) ne 7h (Fl, = 9S iF), 
y 
Verl ‘i 
( ) Fo S) 4%. +88 + KR, 
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"> 
(5.28) ~ Yl« ox) +t,y, + K 


where 


1) I w he Se (F] 
& = e 
(5.29) Ks % [ i. yp y 
By Theorem 7 or Theorem Ya, the functions of the set satisfy- 
ing System A and the Cauchy initial data are continuoualy differ- 
entiadle and possesa continuous mixed second derivatives. Thus 


we may perform the differentiations in the following relations: 


(5.30) Y. - ay Pe, FOE 38.8, = 88 
7 Ver, 3 


(5.31) Vs» - Osu * Py x, #8) 3, -r ry - 8) 


ganz Y2 “2g Y os 


by (5.24) and (5.25) above 3 


(5.32) Ye.» - P 6a = 8, X%) + tnd) - &) 4, ws *) 
«7. Ys-%% Ys. 
Pe ca 
by (5.27) and (5.28) above. But System A is satisfied, hence 


(5.30), (5.51) and (5.22), by virtue of (5.23), reduce to 


(5.33) Va, =” YX) . Ve) 


Ve ** 


V6) “4 (PR, V,+P, Yat Pq V,)- 





In (5.23) all functions are known except We Y gs Ve and 
their derivativea with respect to d « Moreover, along \= ylt: 
System Bis satisfied, 16@e WY = Y = Ve zx QO for «= of cc ° 
For fixed we way consider (5.55) as a homogeneous system of 
linear first order ordinary differential equations under homo- 
geneous onepoint boundary conditions. This system has the unique 
solution 

Yae7 Var Yer? 
throughout the region of definition of the set of functions satia- 
fying System Aw By (5.25), Y. = 0 also, and the System B is 
snom to be dependent upon the System A in the sense above. 

From the functions x = x() ode y = x(A » fA) of the set 
satisfying System A, we may form the inverse functions x = Mx, y). 
pp = K(x). since the Jacobian 
pu Bn U8) fa> Pal ap 
does not vanish. Hence we may express the function u = u( ) or) 
as a function of the independent variables x and jy. 


We now need to show only that 


(5.34) peu, q@ = Uy, r= ue = 5, “a5 =%,, 


throughout the above region to complete the proof. 
Now (4 28, =m, ew, 2 


= U ~- Dx - es O 
V4 jee dp i Wn 9 
while the determinant of this linear system is the Jacobian (5.6) 


and hence does not vanish. Thus there exists a unigue solution. 
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But p - u.» 4 * ., obviously satisries and hence represents the 
unique solution. 


Similarly, 
ve?) - YX) - 89) = 0 
Pa An. * Tn 
hence Ps... and sas =u_ 43 
Ye = %y,) - 8x) = ty) = 0 
Ye* “yen - Py - Ty. = O, 


hence t = — and Ux = Vy = gs. The proof is now complete, 





CHAPTTP VI 
The Characteristic Initial Valie Problem for 
7(x,Y3UID,G3 T,8,t) w O- 


The whole idea of a characteristic initial valne problem for 


the eqnation 


& ppears paradoxical at first glances. in the Cauchy problem the 
prescribed initial data was sufficient to determine whether or not 
the projection of the initial curve was characteristic. In this 
problem, however, ws merely preseribe two intersecting space 
curves through which an integral surfaee of the equation (1.1) 
mist pass. Since the characteristics are, in seneral, dependent 
on the integral surface in question, Lt would appear impoasible to 
determine, a priori, whether or not the prescribed initial curves 
heave characteristic projections. 

That svch ls not the case is demonstrated oy Be CIRQS-I Rig 
CISRAPIO lis]. In this paper she treats the character! stie 
imitial valve problem as a special case of the more general Jour- 
gaat orotlem, ie@. where two arbitrary intersecting space curves 
are preserited through which an integral surface of {1.1} mast 
pasee Commencing on pe 220, she gives the neceasary enc auffiege 
cient conditions that these curves be characteristic to any in- 
tecral surface peasing throuch them. We call curves satisfying 


these conditions "intrinsically characteristic” curves. 





in this chapter we examine her development, for the particular 
ease of the characteristic initial value problem, up to the point 
where a modified form of the system of characteriatie equations 
(5.15) and the above necessary amd anfficient conditions are ob- 
tained. There are two important cifferences between her develop- 
ment and that of EH. LOWY giver in the preceding chapter. Pirst, 
she transforms the initial curves into the coordinate axes. Since 
these curves are characteristic, this implies immediately that 
?,. 2 QO and Py = Oat the origine Thuis many of the divisions per- 
formed in Chapter V are now invalidated. Second, exehe is able to 
solve (1.1) explicitly for s, odtaining 

su f(x,y3 23 PeQs Pret) 
and thus te reduce the mumber of equations in the system of char- 
acteristic equations by two. 

Ne do not follow the remainder of her existence proof, in which 
she reduces the system of characteriatic eqiations to an integral 
equation form and then applies suceessive approximations to obtain 
the existence of a unique solution to the gensral Goursat problem. 
Instead we deal dGireetly with the special ease of the character- 
§stic initial value problem by a method analogous to that of 
Chapter V. Such an approach is indicated by M. CIN7'I NI-CIBRARIO, 
herself, J1e| p10, footnote & She states, in effect, that the 
follewing Theorem 9 can be snown to be a eonsequenve of Theorem 6, 
Chapter IV. We present thia proof in detail and, in adtition, we 
extend it to apply to the derivation of Theorem 9a as a consequence 


of Theorem 6a. The improvement obtained corresponds to that of 





Chapter V for the Cauchy problem. Namely, the reqeirement that 
FP Ee ctt! 4g redueed to require morely that FP <= Ct! while the con- 
clusion is altered to reaé "at least one solution” instead of “one 


and only one solution”. 


Theorem 9 
+ Ae By - FSx<m, +5 » F(x) eC Txy-§ ox, + EI) 
1 y¥s f(x) Py (x) eC''([x,-¢ pXy +1). 
us Py (x) 
oT x= £o(¥) ’ finde or((y-boy + 2 ) 
itt pers renee Mee o(neba +i) 


The point (2) »¥,) {4s the only point of intereection of vy, and 
t+ and it is interior to both curves. YWorsover, Py (x, ) = Poly, 
f ' f s @ e At 7. ' a 
and ‘, (x, )f, (y,) Zl. (ice 1 ead |, do not have & cosmon 

tangent at the point (x, »¥,)*) 


2) [' 7 and ye are “intrinsically charaecteriastic™® in a neigh- 
porhood of their point of Intersection, i.e. they meet the neces- 
sary enc sufficient conditions, siven below, that they be charaeter 


istic to any intesral eurfaee of 
(1.1) (x,y; UZ PeG$ Py8yt) 2 O 


passine through them. As we shall see below, this Aypothesig» 
together with hypothesis 1), tacitly implies that at the intersec- 


tion point (X55 Yl» u,) of t i and Ve the valuss Ds» W> Tre Sie 





TO 


ti). the hyperbolie condition 
2 
¥ - 4 Ff Pr. >@G@ 
8, ry ty 4 


{sg satisfied, (notation: "ey = Pa (Xz, 27,)3 Uy 3 Py #9, 5Py 58,56, ), ete.) 





3) Fecttt in a nelzhborhood of the point 


(Xq 57,5 Ups Py oGys Py r5z 0b, )o 


— > 4) There exists one and only one integral surface J ten(x,y) 
of ?(x,73 “3P,Gs 7,8,¢) 2 O, defined and of clasa C'!' ina suf- 
ficiently small neighborhood of the point (xy 5¥,) and passing 
through sudares of I's and - intersecting at the point (Xo ¥y oye 


Theorem 9a 


1) 


3)' Pe Ct! in a neighborhood of the point 
(25 99,5 245 Py oG, $F, 55,06, )- 
=> 4)' There exists at_ least one integral surface ete. 


(as tn Theorem 9). 


Proof of Theorems @ and Oa 


®e first perform the coordinate transformation 
(6.1) Xe2#xz- f(y) 
te, vy - f,(x) 
taking Y, into the ¥ axis, - into the ¥ axis and the point 


(x, 57,) inte the origin. This transformation 13 univalent in a 
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neighborhood of (x ) since the Jacobian 


1771 
(6.2) 1- £, "(x )f,"(y,) #0 


by hypothesis 1). Geometrically, this means that TT. and Vs do 
not have a common tangent at their point of intersection. 
Without loss, we may assvme homogeneous initial conditions. 
Por, auppose we have an interral surface J: umui(x,y) of equation 
(1.1) passing through the curves "s and ("5 Then by the above 


transformation, considering (6.2), 
(6.3) a(x,y) 2 U(X(xs¥), ¥(xs7)), 
anc henee for any euth integral surfacs 


(6.4) P, (x) = n(xsf, (x)) = u(X( xf, (x), 0), 
ro(y) zulfy(y)oy) © TC Os¥(t,(y),y))- 


Letting 
(405) wlk,¥) = W(k,7) - u(x,0) - W(0,¥) + ulo,0), 


and sinee, by hypothesis 1), fie fe ey and r. e Ct, we obtain 


{666) w(x,0) - w (7,0) * Woe * 50) a O, 


“(S,7) = w=(0,7) = We (O,7) = 0. 


a 
Tois we may reduce the problem to that of finding a function 
w= w(x,y) which vanishes on the coordinate axes in a vicinity of 


the origin and satisfies there the transformed form of equation 


(1.1), 
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(6.7) F(x,ysilw+els Lo + El xe wre vw? Lw +B sp 
[w+ | xy [w+e\ =) 
where 
(6.8)  g(%,¥) » a(x,0)+ u(0,¥) - u(0,0). 


The function g is known from the prescribed initial data. 
Por simplicity, we return to our original notation and state 
the problem in this way: 
To Cetermine the function u z u(x,y) satisfying equation (1.1) 
and the initial conditions | | 
u(x,0) = u(0,y) « 6, 
shere, in the notation above, 


UP, 24 2%, = t, = 0 
and 
(8.9) F(0,03 G3 0,0;-0,8 9) = 0. 


Py hypothesis &), there exists a unique value 8, satisfying 
(6.9). 

The characteristic base curves and, a forticri, the hypertrolie 
condition are invarlant under the transformation (6.1). (See 
Re COUMATT - DPD. HIIHINT j27| pe 304.) Moreover, the substitution 
wmau-+g also preserves the invariance of the equation for the 
characteristic base ourves and the hyperbolic condition ee ia 
easily seen by differentiation of (6.7). Henee, by hypothesis 2), 


we have the hypervtolle condition 





| 2 
6.10) P - 4¥ PrP, >O 
( a, ry ‘. id 


while the equation for the characteristic base curve directions at 
the origin is 


2 
(6611) P, Gy” - 7, axdy +P, ax 20. 
0 o e) 


Hypothesis 2) implies that the coordinate axes must be char- 
acteristic base curves. Sy (6.11) and (6.10) this in turn implies 
that ’r, = re. 2 O, and hence that Pe. #0. But now the Implicit 
Fanetion Theorem tells us that in the neighborhood of the point 


(0,03; 03; 0,0; 0, e., 9) equation (1.1) can be solved explicitly 


rey 
in the form 


(6.12) se £(X,73 23 D»G3 T,t)- 
Under hypothesis 2) or 3)', the function f <¢ CC!!! or Cf!', respec 
tively, in a neighborhood of this point. Woreover, 


(6.13) f. =f. 20 anda -f 
° ‘. ad ° 


while the hyperbolie condition becomes at the origin 
(6.14) 7° Se +, “beitlie 


and the equation for the characteristic base curvea becomes 


(6.15) f. ay® + dxdy + fax" - 0. 


Let ua assume that we have a partiecvler integral surface 
J: 3» = u(x,y) passing through the coordinate axes ina neichbor~ 
hood of the origin, with u(x,y) e C!'!' in this neighborhood.. 


‘e define 
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- “2 
(6.16) iS = Vana tty, i * wa » Ts are » 


S ? and O being of class C'' by hypothesis 3), or of class 
Ct by hypothesis 3)', in the variables x,y? us p,q3 r,t ina 
neichborhood of the point (0,03; O; 0,03 0,0). The two one-paran- 
eter families of characteristic base curves corresponding to J 


are thus represented by the equations 


(6.18) MM 7 ae e 


Kote that ve s 1, henee S > 0 ine neighborhood of the origin, 
while P © = 0 9 = Oe 

As in Charter V, to obtain the system of characteristic equa- 
tions, we transform to the characteriatic base curves as ¢o- 
ordinates anc consider what relations mist be satisfiec along 
theso coordinates for any riven integral surface J. In partie 
eviler, we specialize the transformation 


(6.19) Oe 1a apt 
¥ 2 Wop) 


by stipulating that a line ) = constant shall have x-intereept 
(\,0) and a ih 2 constant shall heve y-intereept (0,4), 

th A= Bs at the origine The Jacodian of this transforma- 
tion, evaluated at the origin, has the value 


(6.20) x y = 


s 3 l~ = O, 
NO peo * ae "hom + fo »! - y ¢ 


AQ LO 


since if *, 3 0, —_ wee « 0 by (6.17), contradicting the re- 
0 +, 


quirement that x” + ye £0 along any characteristic curve. 
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Similarly, if Ly = 0, then x Me O by (6.1&) and the contradic- 
tion is again obtained. 

Paralleling our development in Chapter V, we see that certain 
Geterminants mist vanish at each point of the integral surface J, 
yielding equations which mst be satisfisd along the character- 
istics on J. We have 

tf. - lel, f. 
(6.22 aN ry fe) ef r*) ¥y + f 52) tll) 7, z O 


where - 


2 +f , 
(6.22) [rl efrattitp +f 


also 
f. “fi, ft. 
(6025) | x) &> 0 = f,8 » %, + Fgh, x +(e] g™ 4) * 
o ie «i 
where 
Ge #4 f -ff+frt f Pe 
(6.24) ltl: . as tk 


Fliminating #,) between (6.21) and (6.23), we obtain 


ft a ? = 2 2 P > a 
cael ath de Ne ee ET SOS 


By virtue of cefinitions (6.16) and equation (5.17), we may 
write (6.25) as 


(6.20) f xy "H(A, n) 2 0 





where 
(6.27) HC hop) = io" - t\+ &\t- vr] rl s| xy ° 


Pet, as shown above, x #0 along any of the characteriatic 
beas eurves of J of the correanonding family, henee (6.26) reduces 
to 

2 
e f ° fz ° 
(6.23) , (Asp) = 0 


Where f, = 0 we have immediately that i( Ash) = 0. Suppose 


at a particular point of J that f, «© O. Then by (6.16) and (6.17), 


Ln 
we have there that 
(6.29) ps 0, S21, VT 2 -f,. and aN = 0. 
Thais, at this point, by (5-24), 
(6450) tl 28x) (ft ryt Tf | y)®) 5 


¢ 2 e 
(6.21) PO etn, efi (sy) - [¢ | we) 


Substituting (6-30) and (6.31) into (6.27), we obtain that 
where . 2zOond, mo) ae} e O. [ence by (6.82) ECA») = 0 
everywhere on J and represents a relation which mat be satisfied 
alons each characteristic of the corresponding family on J. 

Por the other family of characteristics on J, we have deter- 
minants corresponding to (6.°1) and (€6.°¢) which vanish at each 
point of Je Eliminating Sw between these and arguing in a 


fashion analogous to that above, we arrive at theo following rela- 
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tion which must be satisfied along each characteristic of this 


family on J: 


(6652) RCA» 1) < pt, - * Ahr, piel ty, = 0. 


We are now in a position to preseribe the necessary and suf- 
fletent sonditions that the coordinate axes be characteristics 


for any integral surface of 
(6.12) Bs f[(x,73 2s poGs r,t) 


passing through them. 

Suppoee that, in a neizchborhood of the origin, the coordinate 
axes are cheracteristic to some integral surface J: usn(x,y) of 
(6.12) passing through them. Ther in terms of the characteristic 
base curves to J as coordinates, defined by the coordinate trans- 
formation (6-19), we have for peo O 


xe\,y2 veperseO,qge2Q\), t= %)), 


where, from (6.12), 


(6635) O'( \) # PC 03 03 O, OC )3 OF TID)), 
while, from HC a) we O, since pe f. = 0, C2 1 and 


Cg@= f. 
(6.34) T'(d) “Stl, +i, Let (A ,03; 03 0, QC A)3 0,7())- 
Moreover, 


(6.35) Q(C) = T(O) = O. 
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Nqwationsa (6.335) and (%.34) represent a syster of first order 
ordinary Gifferential equations under one point boundary condi- 
tions (6.55). The right hance sidee of the equations of this sys- 
tem are of class C't ander hypothesis 3), or of clase C' under 
hypothesis 3)', in the variables A, G and T. Hence, in either 
case, the functiona @ and T are uniquely determined in a neigh- 
borhond of ) 20. If the x axis is characteristic, these funee 


tione mret also satisfy 
(6.36) tO 903 03 0, G(A)s O, TLA)) = Oe 


Similarly, for \ « 0: 


eae Sees eS Serre mere Men 
where, from (6.12), 
(6.87) Pe) = £10,453 OF P(H)405 RU) 0), 


while, from x( dap) 20, since Oe f= 0, Sa 1 and Pa- fy 


(6.38) RNC yw) #\ Ce] +h [r | | (On $05 od i sd iden 


Woreover, 
(6.89) P(O) = FG a O. 


Nence, if the y axis is characteristic, the functions P and fk, 
uniguely determined by (6.57), (6-28), and (6.39), mat also sat- 
isfy 


(6.40) fps 0; on ae si ail ra = 0. 
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To reeapitalate, the necessary condition that the x axis be a 
eharactertstio of some integral surface is that the functions Q 
and 7 determined from the syetem (6.33) anc (6.34), under boundary 
congitions (6.35), shall satisfy (6.34) for each ) in a neiehvor- 
hood of )\ = 0. ‘he necessary condition that the y axis be « 
ehnaracteristiec of some integral surface ‘sa that tne functions P 
amd P determined from the system (6.37) and (¢€.86, under boundary 
confiitions (& 23), shall satisfy (6-40) for each jb in a neigh- 
borhon4 of ws O. 

Ye now show that these conlitione ere alse sufficient, 1.e. 
riven in the vicinity of the origin, an integral surface 


J:usu(x,y) of (6.12) passing through the coordinate axes, vith 


(6.41) P,{y) eu(osy), Pyly) = 2 (Ory) Q, (2) - Uy(*,0), 
and T, (2) @ Gg (E10), 


ve sbow that the requirement 

(6-40)" fp(Osys Of Pi(¥),03 Ry ly),0) = 0 

is sufficient thet the y axie be a characteristic on J. 
The argument neadecd to snow that the requirement 


(G.278)! f.(%,0; or O42, (a)5 oO, w, 487) = 6 


is anfficient in oréer that the x axis be a characteristic on J 
is analorous to the following and ¥ill not bs given here. 
fe neec show only that uncer requirement (6.40)', Pi (y) = P(y) 


and E,ly) = f(y), where P(y) and R(y) are those functions obtained 





previously under the assumption that the y-axis was “intrinsically 
characteristic™. 

Now P, (0) = RK, (9) - 0 since u(x,0) =» O. “oreover, since iw 
satisfies 

(6.12) es = f(x,73 2s psGs r,t), 


for x x 9, 
' | 
(f.57)% Py (7) © £(O,s3 93 Py (y)s Os Ry ly) .0)- 
Now, recalling that uc Ot!'!, 
(6.42) - + f et t. te. +r] o 
(6.42) 3 = t. ’. + f. $ + [+] Ve 
na - 3 » @ 


Sinee u(O,y) oe O, we obtain &{059) zs 0. Writing r, (0,9) = wif) 
and sutstituting (6.43) into (6.42) with x 2 0, we obtain 


(6.44) s (0,y) = r (0,7) 
x “ 
of wy) +f, fr + Cel. + Flr 


Pat, u(9,y¥) = u(Os7) ~ Woy (Ose) = 0, henee by (6.44), 
t ‘ 
(6.58)' 8, (yx) = Licey ait felt rivil cous Os 
Py (y¥) 4,03 Ry (¥) 59} 


Nox equation (€.57)' is preciaely the same as (6.37), while 
requirement (6.40) is sufficient to redvee (6.23)! to (6.38). 
Bat this iaplies thet P, fy) = P(y) and R, Cy) - R(y) sines the 
solution of the system of ordinary differential equations in 


question ts unique. 
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In the foregoing arguments we have cevelopec 2 procecure for 
Geterzining whether or not the initial carves are "intrinsically 
character!stic". By transformation (6.1) and substitution (6.5), 
we redues the initial curves i". and i to the coordinate axes. 


Tf now a, can be uniquely determined from (6.2) we may verify the 


2) 
hyperbolie condition and obtein the characteristic directions at 
the oricin. If theas directions coincide with the coordinate 
axes, then equation (1.1) can be solved explicitly for (6.12). 
"rom this, the aystem (&.37) and (6.38) under bounéary condition 
(6.3) can, in principle at least, be solved for functions P and 
Re WPinally if F and KR satisfy (6.40) then the y axis is char~ 
acteristic to any integral gurface of the problem, i.e. "intringsi- 
cally characteristic’. Likewise, from the system (6.23) and 
(6.34) under boundary condition (6.35), the funetions 2 and T can 
be determined. f these satisfy (6.36) then the x axis is 
"intrinsically characteristic". Nots that ©, HR, 2 ané T are 
evidently of claas Cl. | 

Having eiven hypothesis 2) a precise meaning along with eae pro- 
eedure for deternining whether or rot it is verified for a given 
provlar, we scontime with the proof under the assumption that 
hrvothesis 2°) is verified. 

From equations (6.17), (6.16), (6.27), (6.32) and the strip 
conditiona we ottain the following system of characteristic equa- 
tions, which most be satisafie4 along the characteristics on any 


interral surface J3 





(6.45) 


V5 * 
V4 - 
Vs ’ 


Ye observe 


aN P¥y, 2-9 

ROT ee \ (tl, - (elt x, 2 0 

uy) + PX, = ay, 2 O 

Py =P, - i, #8 aus 
qa) - ‘ey ~ SF) = O 

X an” x O 

ry - py A TA, -P\f ly yn = 0 

Je - PX we Wp = 0 

Py = PR - tI - 0 a tas 
Gn. - #2 ~ Ta = 0 


that System A of (6.45) is of canonical hyperbolie 


form in *,y3 43 p,@3; r,t ae funetions of d and  . Sinee for 


Theoren 9, Fe cttt, while for Theorem 9a, Pe C!*, the coeffici- 


ents of all equations in (6.45) are functions of class C!! for 


Theorem 9, and of class C! for Theorem Oa. 


Moreover, the matrix 


of cosfficients for Syatem A is, after interchange of rows and 


eoluens, 


(6.44) 


& 
sd 


SS 


e ti - po) (2 2c 8-2 


l ) 6) ¢) 0 0) 
-¢ 0 9) 9) ¢) 0 
fe) G2 -) o O 0 
® 1 = Ad 0 S fe) 
3 0 f°) 1 O fe) 
O O O 1 QO 
eh 0 0 0 GO 1 
,« -3 & © 
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where the coeffielents desicnated only by asterisks, *, @o not 
contribate te the value of the determinant. pat S>0 everywhere 
on J in a ne@ighdorhooed’ of ths origin, henes the deterrinant 
(6.46) does not vanish thereon. 
49 to the initial condit*ons, we have, dy hypothesis 1) of 

“heorems 9 and Ga for = O, 

ee \,y= 0, vepere0, ge QA), te Md), 
and for nN = 0, 

ze O,yep,uece ts oe FU» r = RUM) 
where S$, T and °,R are determ ned from their reapeetive systems 
an@ are ef class C'. Horeover, for LA 2 O, by (Gs56), Ty 2 Oe 
We nea P 2-0, Sel, am? Ta- fy: This tozether wi th 


Y, Fr, ety s Py a2 O and ecuation (6.24) prave that 


ror all A in & neighborhood of N= O. Sivrilarly, for \ = 0, 

by (6.40), f, 2 0. Henes CG «= 0, S 21 and a s = fe This to- 

gether with xz, st, 2x, £494, 2s O and equation {6.33) prove 
pe Pe Os ’ 


shat 


(6. 43) P (05) = Y (0 fe) e Y (2, ) = Y (0 pds Y( 0.) OQ 


for all in a neighdorhood of = Op. Thue the initial condition 


recuirements of hypothesis 3) of Theorems € ant 6a are satts*led. 


Sinee the coefficients in (€.48) are of clase C!! for Theorem 


9, hypotheses 1) amd 2) of Theorem 6 are Satisfied. Also, since 


the coefficiante in (C43) are of class Ct for Theorem 9a, the 





common hypotheels 1) of Theorems 6 and 6a is eelh ety tee 
hypothesis 2) of Theorem 6, a hypothesis «hich (oes not appear in 
Theorem Ga, is not satisfied. Thus tf we now show that any solu- 
tion of the canonical hyperbolic system, System A of (€.45), vith 
the siven characteriatic initial conditions is also 4 solution of 
the corresponding problem for the equation 

(6.12) ae f(x,y3 45 Dsgs r,t) 
with the same initial conditions, than Theorem 9 is an immediate 
eonsequence of Theorem 6 anc Theorem Ga is an Iumeciate consequence 
of Thecrem Ga. 

As in the Gavchy problem of Chapter 5, we show that for sath 
solution of System A under the given characterlatic initial condl- 
tiona that System 5 is likewise satisfied. Note that here we can=- 
not asmyme that n,q,r end *t are gerivatives of us this is a matter 
eof proof. Reealling from Theorsmsg 6 and Ga that the functions of 
the solution of Syatem A, x,Y¥,U0,P,G,Fr,t are of class C' and that 
fect! ynder hypothesis 5) of Theorem 9, or f © C!! under 
hypothesis 3)! of Theorem 9a, ws abtain by differentiation and 


consideration of (6.45) that 


6.42) - ~pRx - 
(6.42) Vay Y . PS. + HH 74, Oh Oe 


2 JA 
Y 4x) + Vex - G g* p - Y Vpn ‘ 


Moreover, since /, = (f, = be = 2, 


etry + ty+0el, x, + [ely . 


wiile 





(6.91) a 2 i, oh fp + ‘an * A, + Et Ty 
sf. + tt, +la.+ Lely, 


+, Mveik Vs 


Thu s by (6.45), (6.50) ang (6.51), 


(6.62) Y we - Yap eg, 5, + fa 7) rs, * s% 


£7) *p Ya tte Vyt % Y yf 
+ (Ltd) x) Y ~- (At ) PM U os 


arr 


‘ 


(6053) Y. “toys =o zy + 8,7) fx, = %) 
55% Woah Wort Y 58 

§ 
(hts Yon V+ AY 1. Vg 


Taking into aecomt the fact that Evatem A is satisfied, we re- 


Yy. 


i 


duce (6.49), (6-52) and (€.53) to the system 


Y 35 Y + Voy, 
(6.54) | 49) 754 Ue * tat % V5 6 
a5 t, V+, Vet, V,6 


Yor fixed je (6.54) representa a system of linser, hamo- 


| 


Y 8.) 


ssneous, first order ordinary differential equations for the fune- 


tione Vos V an Y of the variable D » Morecver, by (6-48), 
© ) 
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the homogeneors one point boundary conditions 
Y gf p) ~ Y (esp) - Y (Op) = 0 


prast ve satisfied. Hence, the unique solution for the system 


Ys ),* J, =0 


wherever ths solution of system A ia defined. 


(6054) Ls 


Consider the linear aigevrale systen, 

Ye = By - - ay» 2 O 
aw - DA - cy aQe 

ig?) eee 


Tne determinant of thia syatem, cy (6-20), does not vanish in 


(6.55) 


a neichborhon? of the oricin, henee in this nelahborhood there - 
exists a unique solution for p ané ge Sinee p = wu, ane q = uy 
satisfy (655) they are the solution of (6.55) 


Similarly, from 


(6456) ,=P, - PR) = fy 
Vath, PR, - 9, . 


we clteain ren ami f «= uy 


xx y’ 


(6.57) ) « = ai =n eS) * sai 
~ ty 


we ootain the additional ipformation that t e« Uyy* Consequently, 
any solution of System A ander the eiven characteristic initial 


comditions satisfies the equrtion 





~ . Uu 
*, * L(x,¥s UZ UL :s ~~ _/ 
in a neighberhood of the point (0,03 0; 0,0; 0,0) and the proof 


of Theorems G and Sa is now complete. 


Let vs Gdesienate the problen considered in Theoroma G and Ga 
as Froblem I. By virtue of the exposition ef Chapter IV and this 
rresent chapter, we may associate to this problem a particular 
Problem II, of the type considered in Theorems 3 and Sa of Chap- 
ter Iie As ws have shown, eny solution of I is a solution of II, 
ami, conversely, any solntion of II is a solvtion of I. Where 
Yor 1, P ]Cttt, Pheorem S telis us that the solution of the ree 
latec Problem IT is unique. Hence, as is stated in Theorem 9, 
the solution for I le likewise anique. If, however, for Problem I, 
PeEeCctt only, then Yheore: Se tellz ve merely that the related 
Problem It has et least one solution. Foreover, Example 1, Chap- 
ter ITI, tells us thet this selution cannot be shown to be unique. 
We maiet pot conclude merely from the above that for P ec crt 
the solution to Froblem J cannot be shown to be unique. We can 
gay, though, that any proof for uniquenesa, if such can be made 
at eli, will apparently have to be based upon arguments indepernvent 


of these of thie paper. 





Chapter VII 
The Mixed Boundary Value Problem 
fer 4, = f(x,y} u3 ude ude 

In the terminolosy of J. HapavanD |i1\, appencix Il, pe 456, 
the mixed hyperbolia boundary value problem ie one in which we 
prescribe the valzes of the integral aeurface along two lines 
issuing from a point, one of whieh is characteristic to the sur~ 
face in quéstion, while the other is nowhere characteristic. 

J. MADAMAND, in the reference above, and ©. PICARD|7|, p.l85, 


prove the existence of a unique solution to the linear equation 


(7e1) Uy Avy + Su, +EOU, 
a, 5 and c centimuons fanctions ef x ané y alone, satisfying the 


initial conditions 
(7.2) u({x,0) = u(x,x) w O. 


In Theorem 10, below, we extend thelr conclusions to the 


equation 


(703) Usy = F(x,75 Us BL) 


maintaining initial conditions (7.2). The result fe well known, 
bit does not appear in the literature in the precise form stated. 
Te requirs this precise staternent becaxrse we wish to proceed from 
Theorem 10 by the methods of Chapters Ij and III in which we ree 


lax the Lipschite condition on the fainction £ to require merely 





that f be partially Lipsehitzian. Thas we obtain the improved 
statement of Theorem 10a. 


Theorem 10 

O<x<f 

r. 1) f(x,y; “i p,q) € C(E),2: 

9 O0<y<f 
“a=uca 
“b< p< b 
-b <q=<b 

2) f is Lipsehiteian on B (ae cefined in 
Theorem 1.) 
O f xX 


3) ¥ | a, X {< b, where 
¥ = max |f| on B 
4) There exists one and only one function u(z,y) = C'(R), 
<< 
u__(x,7) ec C(R), where Ke » such thas for each 
*Y O<y¥< 
(z,y)e PB, the point (x,y3 ulx,7)3 a (xs¥)> uy (xe¥)) e B, and 
a (eee) & Llxeys u(x,y)s ul(x,y)s Bla) de 


a{x,0) = u(x,x) « O for each (x,y) € Re 


Proof 
This proof is based upon FPICARD's variation of the method of 
successive approximations, | 1| pe 359 or [7] Pe 117. Here the 
uniform convergence ef the approximating functione to the solution 
is verified by means of a majorant series, The majorant series 
used is that obteined from the acproximating functions converging 


uniformly to the solution for the partienlar linear equation 





(7.4) 7, ct rete 
with the game initial conditions. K is the Lipschitz constant 

for the function f of (7-3).- PICARD applied this technique to the 
characteristic initial valwe problem, obtaining Theorem 1 of Chap- 
ter JI. Re thus obtained the theorem for the characteristic initia 
value problem for the non-linear equation (7-3) from the theorem 
for the characteristic initiel value problem for the linear equa- 
tion (7el)e 

Yor the mixed boundary value problem under consideration, a 

curious situation arises. we do not obtain @ majorant series fron 
equation (7.4) under mixed initial conditions. Sowsver, we do 

find thet PICASE's meforant series for the characteristic initiel 
velue problem serves an well for this problem. Thas Theorem 10 
follows not from the theorem for the mixed boundary valve proplem 
for the lineer equation (7.1) but from the theorem for the char- 
-eacteristic initial value problem for equation (7-1). 

I$ ts auffieient, as we shall demonstrate later, to show 
existenes of a unique solution in recion R,¢ - eee - 
“ (@< ya ® 
Assuming (x,¥) € Roe we may express the problem as the integral 


equation 


x ¥ 
765) u(x,¥) \ a \ org of] e uy aya ay . 


Ey differentiation, 
vf 
(7.6) ui (s,y) = es Lif wy )al , 


and 





$1 
. . 
(7.7) s fey) \ tg oF 5 uy» ae: -\ of V] pape, 418 ik 


So form the successive a +proximations 
w, (xy) = \ “a g | “ace os Os 0,0) ay 


u(*y) = ~~ Qa Bie My ey? ry g@l 


we (x9) =| or aed »’ “nelyx’ a eal 


* 
e 
e 


(7.8) 


where, by cifferentiation, 


y 
(7.9) a jee |": (x, 03 * a’ Vn-1,x’ 1,9" b 9 
(n bad 1,2,°°*)>» 


x. 
valve thy 2e¥) =\ zs s7F Vi Yel x? Brel, y@S 


y 
- f 4 2 G 
( . (ye) $ wnt ¥ Viel ,x’ aut" )» 


(n S 1,2,°°*%»)e 


Sinee the point (x,v3 0; 6,0) € B for (x,y) Cc Ro, by hypothesis 
3), 





elylcu fa, 
u\ly| <u <b, 

us \x- y\ + Far 
M\x|< mu f<pb 


| a, (x,7)| < & 
By 9g *9)| < 
| ay (25) | < 


Thus, by induction, for all n and for any (3,7) <€ R 
lu(xy)| < uff a, 
(7e11)) |u, .Cu9)|< af < db, 
[Bp yXer) |< <. we 


2 





Onur purpose is to show that mk. 


— {8 o> se, i a, = } tay =“, 


such that the function ui and its Gerivatives satisfy conclusion 


4) for (x,y) <€ / To accommliah this we consider the suecessive 


approximations 
x ¥ 
Ww, (x,¥) zs \ as \s av 
. x yx 
wa (*o7) - “a ‘ne ee *) 2? 
(7613) 


- x Bi ; 
wi (xy) = \ a (xt t Snalgx * ay"! 


$ 2 


where, by differentiation, 


¥ 
(7614) ow. (so) = \ fe L pet + hoy gt Wray | ah 


(mn =e 1,2,°°°), 


* 
pees ESTs 8 kL mnt + Wey gt oS ted | Ce sya 


(n - 1,2,°%*)e 


Here Ms max |e | on 2B while K is the Linschitz constant of 
hypothesis 2). 
Yow w, (%9) = Mxy, hence ¥, (x,y) = W,(¥eX)- Moreover, 


Wy (Boy) a My, w yy toy) = Mx, hence ¥, ax h¥) 2 Wy yy (Vox)- 


Let us make the indvctive hypothesis that for some fixed 
poeitive intarer nn, 


(7.16) w (xy) = wl yom), Wg (BF) 0 y Yor) 
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at this implies that 


(7.17) | *, + "2 = "oy (x,y) = L* v “nx? e. | (y,x) 
and thas, by (7.13), 


Wry ley) SW (Yer) 
Also, by (7.14) and (7.15), (7.17) implies that 


(x,¥) = \ ox L™ * fae * te | (x1) ) ay 
a ( A L™,+ Wing + * oy! 4 ex)ae 


= “aly ot 


Worl yx 


Hence, by induetion, (7.16) holds for n 2 1,2,°°*s 
PICARD, in the references quoted abovs, shows thet 
oD @ 9) 
e w 
(7.18) = n= ¥ = ¥n,x * *y? =~ *nsy . 
each uniformly convergent on , where the function w and its 
derivatives satisfy 
woos X(w+ w+ ww) 
(7.19) 37 xo" 
w(x,0) = #(0,y7) = 0. 


Fe now show that these series are maforant to the series 


a9) fee) a 
(7.20) = (u-a uy)? = (UL ix n=1,x? ro (wy a-ie”” 
respectively, for each (x,y) < Ro» (with Uy = 0). 


Nor, for ae = Re» 


\u, (x,7)1< <4 5 EE ol] #08 040) | ai a3 "ua = (x09) 


\wy sonic of “ 3050,0)| a)<\" ual) ads Ob he 





94 


° rf 
| | Ste. >| 
[my yer) |<) lf = pyx3 03 0,0)| ay +\" LCF» 1) 505050), a) 


wa \ wa < + | Pua 


Also, adbreviating sur notation somowhat, 


x ¥ 
npr |< | 48 \ . lee os us * os’ . 
“f(z 415 Os 0,0)| a 


<\ 83 Sor Lim +(ayn| +g] [fe 2 87 


<\ (a \ oe L™, +) ot yy [C5 ot el 
2 9.» 
de 
\ "ese n|<) % L", r a @ "i o9 | ms h dal ="0,x 


> 4 
| “ay az\<| 0% | © Wa ox + “hy | ( 3 ey)as 


+ \"e |e, + *oxt “Ly (> yeh 
x 
=|" |, + “xt "| (Foy) aE 
¥ 
+ Lt ue a * 5 | ( = al RS 
=. 
\ os "a+ “aye + *ayy | OS ores 


¥e.y° 


Hence, by induction, we obtain for nw#1,2,°°°* 


Jaz 


u =n z<w,iu-—~ 
| n nai |< n’ } Tag Xx nol x \ ‘aii Nx , 


(7.21) la, yy nel,y I< *n,y for each (x,y) Se Rige 





fms the series of (7-18) are majorant to the correspomiing series 
of (7-20). Morsover, the requirements for termwise differentia-~- 

tion of am infinite sum are satisfied sinee each of the series of 
(7.20) ie now known te be uniformly convergent on a‘ Henee, for 


* 


(x,¥) € .y 


&® 
- (a a oy! su 


nel Uy, ox “nl, x x 
oO 
ay (Une “nedyy? * Yy F 


or, in other terms, since sach of these series telescopes, 


- unif 
(7.22)! 3% —> Us ;e n aay 5 > _ sy, 


on Rae 
#e now verify that the function ui and its derivatives ui and 


0 peur? the intesral equation statement of the problem (7.28): 
x xy | 
jatar) = [ak | 2 Fo saH ayeyde 
(xsd) 4 (ax \ “e 

<\u(x,y) * 7. X,7) +(. = ‘ (¢ “2 mre } 


(7625) “F(5§ rh “—" wi @n@l, xe a} o¥ ial 
<= Julxsy) - u(x,¥) | 


ay y 
+) a5 ho | (oma | “i | uta, | 4 | By P 
Bne1,y| | (€ » 0 )a j 





Thus, by (7-22)', given €>O0, there exists a positive integer Bb, 
depending, on € alone, such that n> => 


| 7s 
|u(x,y) - \ ja ees os Us w ru deh |<e (193Kf"), 


for (x,syde Ro But € is arbitrary, hence the integral equation 
is aetisfied. 

By (7.11) and (7-22) we see thet for any (x,y) € R ge the 
point (x,ys ul(x,y)s; B(%.9)» ul(xsle Be “Trus existence of a 
solution on .” Le now proved. 

To prove uniqueness, ket us suppose that Ww and u. are two 


Z 
solutions on Roe then 


| ay (x,y) =u, (x z)\< jaz | \ecz, Us ides ke O y 


(7.24) "eft Ds Wye We,xe Bd dal 


<\"a "xt ‘ + | ay 
<\ 05 \ Mileantal + staal * aye, 


(Sohdab. 
ey xg, gla |<? | f(x.) 3 Bps Wy x08, a 
(7225) “f(x,1) 3 Ws BW. x?4e, y)| al 


I 
e\" at [uj-a,| + 14) xe, x | + |®y, yma, y | 1% y yay, 
x 
magyar mag, pity] <\ 180 o¥s Ys Vy, xy, y) 
(7.26) of(< oJ% Uo Ue xoYg, y)| ac 


+\" | £( us U uw, .) 
9 yo 8 1° “1,2°“"1,9 
“£( 501 BMG Ue xe4e, y) 14! ° 
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Let WV (x,y) = { [wy~a | + My xe ay | + [My ye, y| aon) 
O< ace f* 


= i 
scwza’ od min (1, f, gr), we have 


With Kee 


V (x,y) € C(R*). Moreover, there exists a point (x”,y”) < R*sueh 
that V (x, ye) a a whe Fe A = max U (x,y) on Re. Hut, adding 
(7.24), (7-25) end (7.26) we obtain 
Y (xy) < Ky f (xezdy + + (ay) +} 
&K yp (xy +x + ¥) 
aay ERE 
hence Y (x#, yy) ad </e which — = 0 and thus 


(7027) uj(x.y) = u, (x,y) 
for (x,y) <¢ iw 


To extend this uniqueness proof to 
the domain Ros we subdivide Re as 
shown in the diagram. We know that 


the solution ui is unique on Re end 





hence determines u({",y) for 

O g™ off Jf g Oc ya f*. 
Bat u(x,0) = 0 by hypothesis, consequently, by Theorem 1, Chapter 
II, we have a unique solution a, to the characteristic initial 
value problem on sub-region 1. Since uw (f",0) s a (59), we 
have from the differential equation that u(L’.y) = ay (Loy) 
for O< y=", 1.6. u and u, have a first order contact across 


the line x = {* and hence together represent a unique solution 


for the region R# + 1. Analogously, by the preceding "in the 
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agall" uniqueness proof for the mixed boundary value problem, the 
80 lution ‘, is unique in sub-region 2 and has a first order contact 
with u, across the line y = f{'. We continue obtaining unique solu- 
tions for characteristic initial value and mixed initial value 
problems, alternatively as indicated by the numerical sequence in 
the Gdiacrarn. These solutions have first order contacts with each 
other across the characteriatics forming the boundaries of the sub- 
regions, hence we have eatended our uniqueness proof from the 


region Re to the region R 


°° 
Raving thus determined the existence of a unique solution 
satisfying conclusion 4) throughout Roe we now consider the Cauchy 
problem for region . with the same equation and hypotheses thereon 
and with the initial conditions 
— gh?" = 0, u2(x,x) = ui,(%,x), and 
axon) = Wy (Xe) for x < [0,f]. 


In (7.28) Ui and a are the right-hand x and lower y de- 
rivatives, respectively, determined at each point of the line 
y = x by the known solution u on R.- By Theorem 4, Chapter Iii, 
there exists a unique solution u® to this Cauchy problem for each 


(x,yJ€ Rye hence 
uw, (xy) = uy( xy) for (xy) « Ry 


u(x,y) for (x,y) <€ R, 


is the unique solution valid for each (x,y)c R= R, + Ree since 


1 
Uy and u have, by prescription, a first order contact across the 


line y = xe. ‘This completes tne proof of Theorem 10. 





Relaxing only hypothesis 2) of Theorem 10, we obtein the 
following improvement: 


Theorem 10a 

1) 

2) £ is partially Lipschitzian on B (ae defined in Theores 
la.) 


3) 
—— 4)* There exists at least one function, eto. (as in Theorem 
10.) 
Qutline of the proof: 


Asa in the proof of Theorem 10, we may, without loss, prove 
existence on Ro only. For, preseribing Cauchy conditions on y = x 


as before, we may extend the solution from %. to i_, vy use of 


2 1 
Theores 4a, Chapter [II. 

In thie proof we follow very closely the derivetion of Theorem 
la, Chapter IIz hence only the differences between the two proofs 
will be noted. 

WELERSTRASS! theorem telis us that there exiats a sequence of 
polynomials, se x » converging uniformly to f on B. We extend 


the zg, , (A # 1,2,°°*°), and f from B to 


by definitions analosous to (2.1). There 


eat Ls tag 
/@ constant L >O such that [@y\<4 in B' and for all » . Hore- 
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over, the g) are "fully" Lipschitzian in B'. Hence by Theorem 
10, (with a--ow, b->om), for each @) there exists a unique 
function u, such that for (x, ye Re 


. 4 
(7029) uy a Var |e (Says U» 3 B> yxeBy AY » 


and thus 
Y d 
vee has w\ 6 (m8 TO) aD gl 


x 
demi we m\ 8, (3 elie tied 2 my ys 


\ ey tois Bye) ody) yal . 
For (x,y)e Ro» by (7.29, (7.30) and (7.31), 
luy(may)| sue 
[Uy x(a Le (\ = 1,2,°°°) 
|4) ,y(%¥) |< LS (x-y) + yf 
< if 


1.¢@. the sequences ore Toure: and rs as are uniformly 
bounded on ..° 


(7252) 


Given two points, (X45 97) E Ry» (XosIg)< Ro» we may assume, 
without loss, that Xx PA X56 Then, if ¥< Jo let us assume that 
To x ole Then by integrating over the regions a, b and c in 


diagram (A) we obtain 


(A) 
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vm, \u \ (yoga) (x, »3,)\ < LS {(x,-x,) + 2 yg-9,)£ ° 
if y. x “, we may always choose 
a point (X.9T) with y,< %.< x, 


and y,< ¥s< *, (as in diagram( Bj. 


Then, as above, 


(B) 





|u (x97, Jamu) (X507, \ < b} M(x,-x,) + afyo-y,,) § 
| a Wy (Xg9Fg)~U y (457,) j\< Lx, “x,) + 2f(yq-y,)/. 


Adding, we obtain (7.53). furtier if ¥, 2 Yor we have the case 
shown in dlagram (C). Here by 
interyrating over the recions 
Gd, e and f we asain obtain 


(7.33). Hence the sequence 





at is equicontinuous on Roe 


Now, for (Xs y¥,,) ek (xsy,) ER, by (7-350) 


os 


ya 
(7.54) | u x %In)78 xt Iy)/< L\¥5-¥,\ . 


Likewise, for (x 0y) e R (x,y) ER, by (7-351) 


2° 2 


(7635) |uy y(ayoy) - a) (x ¥)| < - 2x, . 


Moreover, by precisely the same argument as thet used to prove 
Lemme 2 of Chapter II, given pr 0, SS QO, there exist = 0, 
N >0O, depending only on iB and c » respectively, such thet for 
(X5sy) é& Ro» (x,y) E Kgs 

APN and |x, - x,| <$ 
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(7-36) |e g(%yor) -_ ™, x(kypes) | 
<«\t [a x(%ye 2) - Ox Dlanea < ° 
Tims by (.734), (7-56) and Lenma 1, Chapter II, the sequence 
ju nal’ is equicontinuous on Roe 
We need the following refinement of the argument in order to 
show that the sequence Su ‘ t is equicontinuous on R_?: 
ay % 
Let us suppose (xs¥,) S Rio» (x7, ) E Rye Without loss, 
we may assume that x > J, ZYy,- Then 
Wy yy! Fe) = Uy yy *9y) 
x 
=| ae) Cs o¥,38 3 vw, , py 7S OF oTBU, BW -xaB yy) IAS 


V8 03s Us 4) xe gE 


71 
-\ [gs (Fool su) 5U) »x9Y) ,y)-8) (¥ye15¥, 54) po¥y, yah 


Fe 
a 6) (Fool BU) s =) x yy? 


We have just proved that the sequences Suyé and Say xe 


are equicontinuous on K The sequence iT 8 4s certainly eqmi- 


2° 
contimous on 5'. Hence, considering (7.35), given A? O, there 


exists o> depending upon ph alone, such that [¥erTy ge g 


— 
(7 30) "74 ( a j=, ( 5 u\gu w, _)ja |Z 
ov s 6) Yoo))s \ ae! a ) Yys\)3 \3 x Ly ] fe , 


XK 
(7489) | Ley (SoFg54 (FoF QB), x(FoIQ)s Wy ySeIy)) 
¥. itt canna pisn 


=8y (F 99184) (F 592) 8B, x(FoF,) Wy, ylE Fg) Vaz |< es 
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for » tw 1,2,°°*%. 


Also, since oe f on B', given Ss O, there exists N > 0, 


depending upon ¢ alone, sueh that )\ > i 


ee 
= 


(7640)|(" lg, EV(So9 8B (oY day, glF oF, ety, (F072) CE l2§ 
72 


x 
\( [fog HEsyysu (ory ov, (Eero, (Foy, AE |< SF ‘ 
V2 ee | ee 


By hypothesis 2)', 
a 
(7442) |\ CLF a Fy sBy (FoI, SU) g (FoF, By ylSo¥y)) 
Js —_—=— 
w£(5 oY SU (oF) 34, V(SeFy)s Wy, y (FoF) F| 
roa (Se¥5) — BW Loox, )\aS 
a lay,y 5 J2 hey 5 1 3 


Noreover, aince \e,\< Lip (> =1,2,°°°), 


7 
(7.42) \\ “6)(F oF 4s%)3Y), ged, y)AE | < L | ¥g~3,\ 
bl 


Jo . 
\ E(Fyol 5 Wy i ay,x0ty, 611] < L|y,-7,| » 
4 
Thus by equations (7.37) through (7.41), given A> O» o> 0, 
there exists ce O, NW >O, depending only upon as and ‘= » re- 


speciively, such that ee -y, Kk and \>K 


= 
(7243) |ay y(Xe¥Q) - wy y(%e¥y)| 
x(* (fry) )\ az 
a - \Se a 
™ ‘ hay "2 So af 


hed: +25. 


By Lemva 1, Chapter II, inequalities (7.35) and (7.43) imply 
that the sequence Say y is equicontinuous on Ree 
From this point on the proof is practically identical with 

that for Theorem la. ‘Since the sequences Sunt, Say gs and 
\u oe. are uniformly bounded and equicontinuous on R,, we may 
epply ARZELA's theorem to obtain a subsequence of each, uniformly 


convergent on R Bence, as for Theorem la, by successive extrace- 


2° 
tions of eubsequernces we obtain a subsequence Su® ¢ of Su »% 


converging uniformly on RR. to a solution a of the integral 


2 
equation 


x y 
u(x, y) =\ "ag ( Fetesps us a sual ) 


and such that for (x,y) € R. 
(x,y3 ulx,yz)3 ui (x,7)» o> ae y)}e@ Be The proof for Theorem 10a 
is now comple te. 

Following Z. PICARD [7] pe 135 and p. 139, we show that the 
general statement of the mixed boundary conditions, (i.e. where u 
is prescribed along two intersecting curves, one characteristic 
and the other newhere characteristic), can be reduced to the 
statement found in Theorems 10 and 10a, (i.e. where u(x,0) = 
u(x,x) = 0 for xe[0,f}). 


First, let usa suppose that we prescribe 
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pw = Y (x) 
(7644) 
u(x,x) = Y (x) 
for x<[0,f], U(x) and V(x) © ctfo,f]) ana Y(0) = Vo). 
Consider 


(7.45) w(ix,y) = U(x) + U cy) - Wly)e 


We have — z 90onR while 
nal = (7 (x) 
w(x,x) = V (x) 


for xe [0,f). Henee, instead of the problem with non-homogeneous 


(7.46) 


boundary conditions (7.44), by setting 
(747) V¥V2Zue- WW 
we may consider the problem 
"xs =z f(x,yg Vt Wj v. + We ‘, + ¥,) 
(7.48) v (x,0) = 0 


v(x,x) = 0, 
& problem of the type covered by Thecrems 10 and 10a, 


second, Suppose we prescribe u along the characteristic 
y = 0 and the nowhere characteristic curve y = F(x), where 
F(x) € C'({0,f, J) P(x) # 0 for x<[0,f,] and F(0) = 0. 
The coordinate transformtion 
x = P(x) 
(7.49) a 
7 =-F 
reduces the curve y = F(x) to the diaj,jonal y = x since the in- 


verse F7! exists and is of class Ct on {o, P(f,)}- Moreover, 


(7.60) oxy = Pt (x) «de 
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Since F'(x) # 0, the form of the differential equation re- 
mains unchanged and we reduce the problem to one with initial con- 
ditions in the form (7.44). 

Thus the general statement of the mixed boundary value problem 
for 


(7.3) uy = £(x,y3 uj Ay 


can be reduced to tne form treated in Theorems 10 and 10a. “Se 
note that whatever continuity and Lipsenitz conditions are satis- 
fied by (7.3) before trans‘urmation (7.49) and subatitution (7.47) 


are satisfied as well after these operations are performed. 
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CHAPTER Vili 


EXISTENCE THEOPSSE BASED ON THE 
CONCEPT OF UPPER AND LOWRE BOUNDINT FUNCTIONS 





Yor the ordinary differential equation y' = f(x,y) with 
y(z ds ¥° 0. perros )1is|, assuming f merely continuous, gives 
@n existence proor that is entirely independent d& the classical 
proofs and contains them as arecial cases. He bases his proof 
on the concept of under and over functions, defining (p (x) te 
be an under fenetion if (P(x,) = ¥p and 


(3.1) D+ (p (x) < f(x, P (x)) 
ane defining VJ (x) to be an ever function if Y (x) *% and 
(9.2) Ps Wx) >Flx,W (x)). 


The solutions are fonnd to lie betwsen the upper limit function g 
of the set of underfunctiona ané tne lower limit funetion G of the 
aet of overfunctions, ¢ anc G themselves being solutions. 

ve MOLLER L4 | shows that PURLON's proof will not earry over 
directly toe apply to a system. 


(8.3) y, = f(xy tery) » (4 @w i,*** st), 


& 


Rowever, he is able to extend the classical theorem, ovtaining 

a statement which fie similar to that of PTREO® and which reduees 
to the direct analosue of PTRH 8's theorem in the particular case 
where the functions f, are monstonieally increasing in the argu- 


rents + ee 
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In this chapter we return to ths characteristic initial value 


problem for 


(8.4) — 2 £(x,y3 v3 a2 )e 


LIFR abovee In the fole 


as 


Se obtain results similar to those of 
lowing Theorems 11 and lla we improve the statements of Theorems 
1 and la, Chapter I, oy the introduction of upper and lower 


bounding functions (2 and W -« 





1) f(x,y; es p,q) e C{T), FT: OQx=zx<f 
Ce y<f 

Oxy) <c us Q(x,y) 

W(Xsy)< Dx O,(%,7) 

WOy(Xr¥) < G@< Qy(%s¥) 





2) (2)') ff is Lipschitzian (partiall 


defined in Theorems 1 and la). 
O< 
2) The functions w(x,y) ané O(x,y) ¢ ova) Pe} 
O< 
with Oy (HF) and 2 py(*,7) E C(R)- Horsover, 
OO(x,0) « O(x,0) 2 0 fer ze[0,fl, 
W(O,y) e {2(0,r) & O fer ye([0,f[, 


ang, for each (x,y) < K, 


(8.5) oO (x,y) < min | f(x,y3 us p,q) |, 
xy aay 4 

(8.6) QQ. (4,7) Amex L[f(x,73 u3 p,q) 
= y ~eil X72 Us PrG) | 


where 
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Xs 


, = y 

Ox,¥)< us A(x,y¥) 
w(%,¥) < p< ft, (x,y) 
Wy lFeF)< G< al (x,y) 


(8.7) b(x,y)2 


=e 4) (4)') There exists one ané only one (st least one) function 
ulx,y) € C'(R), Usy € C(R) sweh thet for each (x,y) Ee R the point 
(x,ys 2(%,7)3 u (xey) uy(x,y)) Ee T, and 
Mey * oF) = £(x,y; o(z,7)3 u(y), wy {eey))» 


u(x,0) 2 u(G,y) « GO for each (x,y) € Re 


Proof 


We sxterd the domain of cefinition of the function f over Tf 
O<x<f 
to Pf: 


G<r¥ryaef by defining C(x,y3 uz p,q) 


<7 -ui if W{*,y)<u = Qi(x,7), Pep if W (X57) pS1y(xy¥)> 
(2.8) ¥ = W(z,y) if u< D(x,7) Be O(xsy) LF p< W,(x,¥) 
Ge OQOlesy) tf Olesy)< uo pe (x,y) if DL (x7) < p 


{iB 

3 

O. 
a] 
T 


qg if (x53) < G< 2 (x,y) 


q = WyiXs¥) if q < Cg (*ry) 
ao. 


L2 (x59) if (2 y(%s¥) < Qe 
By Gefinition (%.2), f ts uniformly coentimions and aniforsaly 
bounied in 3's Moreover, by hypothesis 2)(2)') ana (32.8) f£ satis= 


fies a Tipschitz (partial “Winmsehite) condition in Bt. 
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Fence, vy Theorem 1 (la) Chapter II, there exiets one and only 
one (at least ome) function satisfying conclusion 4)(4)') except 
thet for (x,y) @ RK we are assured only that the point (z,y3u(x,y¥)3 
a (7) 8 Oy) < Bt. To complete the proof we must show that 
shis point setoally lies im T; Lee. we must show that for each 
(x»F) ao RP, 

CI (4,7) <= ul(z,y) < 2 (xy) 
(5-9) CO glFeF) < Uy(2,9)S Q4( 259) 


Cd g(Xe¥) = uyts wi< Qylesy) ° 


To accomplish this, we first prove the following lemma; 


terme S 1) OO yg Bo7) < Boy Re¥) for ali (a,x) € R 
SS CO{xs7) < u(x,y) . 
COglxsy) = uy(x,y) " 
LO yurl< uiaey) = , 
if) {2 pal %sy¥) 2S Wy y (X97) fer all (x,y) eR 
——= 2 (x,y) DB u(x,y) “ 
2 (sy) > agl*oy) P 
-Q gl*e7) > u_(x,y) ’ : 


Proofs For ti), 


¥ Y x 7 
: pod ay. A — r = 
WwA*,3) = \. x os O) gy A¥ \ <a \ aya = u(x,y) 


¥ ¥ 
W,(*,y) # \ o xed at uy = u, (sy) 


x 
CO yi*s¥) = \ 5? wy <= 


The vroof for 411) Ls analorona. 


Ce) 
QO 4 
pb 
$4 
“ts 
‘ 
§ 
or 
ry 
~~ 
| 
e 
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To prove {/3.9) 1t omly remains te verify that hypotheeta 1) and 
$1) of Lemma 3 are satisfied by we By hypothesis 3) and defini- 
tion (868), for each (x,y) ce ¥, 


CO gy(%23) < Lae | flasrs a3 pya) [ 
f(x,y) 


= f(x, ys u(xsy)5 a (xe¥), a (xs¥)) 
z yg X07) 
and 
LL yql x9) a. Lflas73 es pye) | 
eS tlr,ys ulesy)3 vu (xsy), a (e¥)) 


Woy (eV )~ 


Thus, by Lesa 2, requirement (2.9) 14 satisfied fer each (x,y)ec RB 


anc the yvroof of Theoreme 12 ané lla ia complete. 


It le evident wpor inspection of Theoreme 11 and lla that if, 

{matead of homocentons initial com?itions, we sresecribds 

u(x,0) « Ufx) with U(x) ~ ct(])0,f{), 

ulO,y) # V(y) with V(y) e ct( [0,f/7), 
where U(0) = V(O), then we most requir 

C) (%,0) # (1 (x,6) = B(x), 

CO(G,y) = (2(S8,7) = ¥(y¥)- 

Tie proof then foes throurch as before. 


The following exemple is an illustratior of Theerem 11: 


*xample a 


or the problem 
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1A L/n+i 


(@.10) _ = (2 = uy) » 2(x,0) we ulO,y) « O, 


we may readily verify that 
L/s+l L/m(m+l ) 
(8011) W(x,y) = (1) al °- 2 a xy 


and 
(012) O.(xyyx) & ob) yy 


eatiafy the hypotheses of Theore: 11 for all x O and 


Oc ycc#e SB glen 
m m+l 


In Ghapter 13 we obtained the exact solution 


(2e4@) alae) 2 xf a -\ Be cc, = yi | A 


= re 


is a brsnch point of the solution. Ye observe that aa = in- 
creases imjefinitely wand ( approach u from below and above, 


respectively, while C approaches C.. from below. 


We see from this examples that it is possible to obtain approxi- 


mate solutions, sith known limita of error, and to loeate singue 


ode 


larities in the actual solition by use of Theorem 11, provided 
that e:itable functions © end ©. ean be obteined. Por problems 
wheres explicit aolutione cannot be obteined in "closed form", the 
procedure te to alter the rirnt-hand side of the equation 


Uyy = P(X,YF UF UY, uy) 


ao that an explicit solution of the altered equation can be ab- 
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tained satis ving the soundary conditions. This may lead to funce= 
tiona a and (2 satisfying the hypotheses of Theorem 11. (See 
v. ©. weyerw [20| ana [20|.) ‘The motivation for equations (8.11) 
and (S812) of Sxample 4 ia now avident. 

when we consider the poseibility of applying, as explained 
below, the PTRUCP method usine unier and over functiona to the 
eharacteristiec iritisl valse problem under consideration, we find 
the situation mech the same eas that in the case of a system of 
first order ordinary differential equations. We arrive at the 
unsatisfactory state of affairs wherein there is no assuranes that 
the under funetions remair below the over functions throughout 
the entire rexion on which @ solution is known to existe in fact, 
we shall presently give an example where an under function exceeés 
an over Sunetion within the comain of existence of a solution. 

Recalling inequalities (Se1) and (6-7), we may express the 
application of the SERION sethoéd as follows: We require both the 
under and over funetions to satisfy the given characteristie 
initial conditions and to be continuously cifferentiable ané to 
rosssea a mixed second derivative at each point of the domain 


ns} « We further stipulate that each under function, , 


(8015) Qigl%ey) < P(xeys Yixsy)s Yl xev)s Py (xor)), 
and chat eaen over function, U, shall satisfy 
(8.14) Y vg (*¥) > Peay} V (xs¥)3 WY (xy) Vy (%o¥)) 


for each (x,y) & He 
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Analegous argizents to those used by PERNOK for the ordinary 
differential aquation y' = f(x,y) lead to tha inequalities 
Py (Orx) < Y (Ory) for 9<y<f, 
UY (x00) < Yy(.0) for O<x<f, 


for any under function (@ and any over funetion Y These 
inequalities, together with the requirement that (7 and V satisfy 
the characteristic initial data on the positive x and y axes, 
ineurs that Y > W tn a aafficiently small “L" shaped strip in 
the first quadrant adjacent to the initial characteriatics. 
Unfortunately, thia is inmadequisete as the following example demon- 


Btratese 


Example 5 


Consider the problem 
(8.28) ‘2 = C, 2(x,0) « ulOsy) a O- 
This problem has the unione solution u = 0 throughout the finlte 


Plane. Let 
Vay @ AK = By? +6 


Jey ©» 


(3.16) 


where A, ®, € ani Dare positive oonstants. By integration in 
(S016) we may odtein functions V and LY satisfying the initial 
contitions of (8.15). Obviovsiy, VY is an under function for all 
(x,y). Korsover, V ey >0 for all (x,y) lying in the portion of 


the fPiret quadrant oelow the paravolic are 


pitJhx+Sy 
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Bod hence V nee ta the requirements for an over function on & 
tome 

domain Ry ™ wnere ff is arbitrarily large ovt finthe. 
ei 7 = 


pefininghe Y- WY we have 
ee he - Ax - By” + C + De 
Sineea h(x,0) w h(C,y) 2 O, we obtain by integration 


h(x,y) = dé xy - 5 x* y° i (C+D) ay 


Te mots that h >O in that rortion of the firat quadrant below 


the hyperbole branch 





Ex 
while h < © above this ocranch. From the Giacram it is evident 
J | Vee that if we require 
K 
4 KR a< /E 
x B NE 
fey. __ SS 
B \\Y then there exists a positive con- 
A — stant £ such that within the cor- 
; resnondinge domain KR, we have a 

O x f 


snbre¢ion R” on which us. Hence the "SREOF method is not 
Girectly applicable to thie class of probleme. 
feturnine to “heorems 11 and lle, we observe that if, for fixed 
{x,7y), f t98 a worotenically inereasing fasction for the arguments 
Q, Db anc gq, then 
P(xeys O(xey)s Wy{er7), Yy(x,¥)) 
2 min | f(x,ys 43 pea) |, 


S(x,7) 
and 


{(x,y3 4) (x,9)3 Qing (x WoO, (Bs hia (x, x Lf Oeey susps@) | e 





in this cace we may alter hypothesis 3) to require rerely that 
O yyl%o9) <= Preys Oler¥)G Wylesy), CO (x0y)) 
ee xy! %99) => fl(x,y3 (L (ey); Q slesy) 9 Oy (a7) 


for each (x,y) = ie This is the Cirect armlopme to PTRPCH's 
sheorem (sae jis | ) ané eorresponds to the previously mentioned 
result of M0 LIER. for a system (8.3). 

We close this chapter with the remark that Theorems 11 and lla 
cen be extended imeedlately in two ways. First, the method is 
{rectly applicable to the Cauehy problem. We require the funee 
tlons © and (2 to satisfy the Cauchy initial date anc observe 
that the proof of Lemaa 3 is essentially unchanged. Second, the 
method extends to apply to a eysten 

Ys oxy = £3 (xy ¥3 ag3 My x? Ms yds (4 2 1,°°°,n) 
for both characteriatic and Cauchy initial value prescriptions. 
The modifications in the hvpothsses anc proof for Theoereme 11 and 


lisa are obtvioues 
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